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10, for cos 7 rrad sf 3 cos 





. 
ge EL fur cosec? A read coses? 2A. 
. 12 for — i = i rad 37 1 ik, 
tty Line 24, for read S 
03, , 2, for 24 a rrad 24rain aa 


100, ,. 03, for as b+ @) read acein(é + 9). 
lo, Fig. 2, for © wad Di and for D reed C. 
103, Line & from bottom, jor ccosS read ccosy. 


PREFACE. 


Is the compilation of this work. the most esteemed writers, 
both English and foreign, have been ecousnited, but those 
most used ure De Pourey and Legendre. 


Napier’s Cirenlar Parts have been treated ino a inanner 
somewhat different to most modern writers. ‘The terms 
vonjunct and adjunct, used by Welly and others, are here 
retained, as they appear to be more confornmble to the 
practical views of Napier himself. 


There are many other parts connected with Spheries that 
might be treated of, but which are not adapted to a Rudi. 
mentary Treatise like the present, those, however, who wish 
te see all the higher departments fully developed, must 
consult’ the writings of that distinguished mathematician, 
Professor Davies, of the Royal Military Academy, Woolwich, 


Hutton’s Course, the Ladies’ and Gentleman's Djuries, 
(latterly comprised in) one), Leybourne’s Hapository, the 
Mechanics’ Magazine, and various other periodicals, teem 
with the productions of his fertile iind, both on this and 
other kindred subjects. 
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SPHERICS. 


PRELIMINARY CHAPTER. 


1. A sPHERF 18 a solid determined by a surface of which all 
the points are equally distant from an interior point, which is 
called the centre of the sphere. 

2. Every section of a sphere » 
made by a plane cutting it as the or Ps 
are of a circle. eg Bete 

Let O be the centre of the ae 
sphere, APBA a section made by / / 
a plane passing through it. draw Fo ---;-~' -yj-—-—-—--- 
OC to the cutting plane, and pro; 0. fee 
duce it both ways to Dand E, and ° be / 
draw the radii of the sphere OA, *, 

OP. a. 

Now, since OCP and OCA are oa 
right angles, OA? — OC’ = AC’, 
and OP! — OC? = PC’, but OA? = OP’; -. AC? = PC" 
or AC = PC; hence the section APBA js a circle. 

If the cutting plane paxs through the centre, the radius of 
the section is evidently equal to the radius of the sphere, and 
such a section is called a great circle of the sphere. 

3. The poles of any circle are the two extremities of that 
diameter or axis of the sphere which is perpendicular to the 
plane of that circle; and therefore either pole of any circle is 
equidistant from every part of its circumference, aud, if it be 
& great circle, its pole is 90° from the circumference. A 
spherical triangle is the portion of space comprised between 
three arcs of intersecting great circles. 

4. The angles of aspherical trianglg are those on the surface 
of the sphere contained by the arcs of the great circles which 
form the sides, and are the same as the inclinations of the 
planes of those great circles to one another. 

5. Any two sides of a spherical tnangle are greater than the 
third side. 


Q SPIEERICS, 


Since by Fuclid XT. 20, any two of the plane angles, which 
forin the solid angle at O, are together greater than the third, 
hence any two of the ares which measure those angles must 
be greater than the third. 

6. Since the solid angle at O (see fig. p. 3) is contained by 
three plane angles, and by Euclid XE. 21, these are together 
Jess than four nght angles, hence the three ares of the sphert- 
cal triangle which measure those angles must be together less 
than the circumference of a great cirele, that is a +b +¢ > 
860, and since any two sides of a triangle is greater than the 
third, wehaca +b >c;b+e>a,a4+e> 6b. 


ON THE PoLAk OR SUPPLEMENTAL 


7. Uf three ares of great circles be described from the angular 
pots A, B.C, of any spherical triangle A BC, as poles, the 
vides and angles of the new triangle, D FE, so formed will 
be the ae aa of the opposite angles and sides of the 
other, and vice cersd, 

Since Bis the pole of DF, then BD is a quadrant, and 
nince (ax the pole of DE, ¢ Dasa quadrant; therefore the 
distances of the points Band © from D berg each a quadrant, 
they are equal to each other, hence Diy the pole of BE. 

DE=IS) —C, RF ISA, v 


Fb ISB and De Isu' ne es 


Cee 
a 7 \ 
k= 150) —AC; Fo isu —AB. c ‘ 
Also, A= 180 —F BC=180'—p: | \ 
AC 1s0'—E; AmiAN—FE; oe ws 
ie ‘B) 
ee ena 3 


The sum of the three angles of a spherical triangle is 
greater than two right angles, and less than six right angles. 
Kor if a’ + bo +c" be the sides of the supplemental or 
polar triangle, AmISU~a's Bo) RU Sh’ : C= s0—/’: 
hence A+B4¢C 4a’ 4h +e'=6 x 10=6 right angles; 
but a’? + 8 ec’ is less Qhan four right angles, by Fuclid XI. 
21; therefore A+B +C is greater than two nght angles; and 
as the sides a’, le. of the polar triangle must have some 
magnitude, the sum of the three angles A, B, C must Le less 
than six nght angles. 


~ 
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CHAPTER I. 


8. SrnprivaL Tricoxomerny treats of the varions relations 
between the sines, tangents, &., of the known parts of a pphie 
rical triangle, and those that are unknown: or, which i the 
same thing, it gives the relations between the parts of a solid 
angle formed by the inclination of three 
planes which meet ina point, for the solid . 
angle is composed of six parts, the incle poo. ¢ 

nations of the three plane faces to each + 

other, and also the inchnations of the | \/ pes 


@ 


three edges ; in fact, a work might be writ- es ; 
; ; As. Ay 

ten on this subject without using the core 4 
. . : "a ‘ i 
spherical tnangle at all, fur the six parts vag ey 
of the spherical triangle are measures of » 


the six parts of the solid angle at O. See fig. 

#. If aspherical triangle have one of its angles a right angle, 
it is called a nght-angled triangle ; if one of its sides be a 
quadrant, it is called a quadrantal triangle; if two of the sides 
be equal, itis called an isusccles triangle, dc.,as in Plane Tri- 
gonometry. 

10. To determine the sines and cosines of a spherical tri- 
angle in terms of the sines and cosines of the sides. 

Let O be the centre of the sphere on which the triangle 
ABC is situated, draw the radii OA, OB, OC; from OA 
draw the perpendiculars AD and AE, the one in the plane 
OAB, ard. ‘eo other in the plane OAC, and suppose them to 
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meet the radii OB and OC produced in D and E. The angle 
DAE is equal to the angle A of the spherical triangle, and 
tuking the radius unity we have AD = tan C, OD = sec C, 
AE = tan 6, OE = sec b. 
Then in triangles DAE and DOE we have 

OD? + OF — 20D. OE cos EOD = DE? 

AMY’ + AE'—“AD.AE cos A = DE? 
by subtracting the second equation from the first, observing 


that OD' — AD' = OF' — AE‘ = 1, and EOD is measured 
by BC or a, we obtain 


2+2AD.AEcosA—20D,Q0Ecosa=O; 
or by substituting the above values 


1+ tan db. tan ¢ cos A — sce b see ¢ cos a = 





] sin b 

but see b = --—, tan b = -—--: 

cos b cos b 
sin ¢ | 
REC C sz ———, tan ¢ = ---—.: 

cos ¢ cos ¢ 
, sin b ain c eos A cos a ; 
cos & cos ¢ cosbcose 
hence cos a = cos b cos ¢ +5in b sin COB A woe ceeeeeeeeee (TY 


whieh ais the fundamenta? formula in Spherical Trigonometry. 


1). In the figure the sides band ¢ are less than 90°, but itis 
easily seen that equation (1) is gene. 
ral. Let us suppose that one of the 
sides, AC or b for example, is greater fl 
than (0°; draw the semi-circum. ’ 7 i 
frrences CAC’, CBC’, and make the ae f 
triangle ABC’ of which the sides . ee 
a’ and b', or BC’ and AC’, are sup- | ee ser 
plements of @ and 4, and the acl eacagen: 

BAC’ the supplement of A. Since - 
the sides b and ¢ are less than 90°, the equation (1) can be 
applied to the triangle A BC’, and gives 


cos a’ = cos 6’ cos ¢ + sin 8’ sin ¢ cos BAC’... (2). 
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Now a’ = 180° — a, b’ = 180" —b, BAC’ = 180°—A,; these 
values substituted in eq. (2) will give eq. (1), which shows 
that it is true for the case where b is greater than "0 | 

Let us now suppose that the two 
sides b and ¢ are both greater than 
10°; produce AB and AC till they a 
intersect in A’, which forms the ae ve 
triangle BCA’ in which the angle A’ 
is equal to A, and the sides 0’ and c’ 


: ay; 
the supplements of 4 and c; by 4-977 we 


making the substitutions in this “0° 777), 
case, we still find that equation (1) 
satisfied. 


Lastly, we can verify cquation (1) in the case where 
b = 90° and ¢ = 9) either both together or separately. 

If we apply equation (1) to cach of the sides of the triangle, 
we shall have three equations by means of which we can 
always find any three parts whatever of the triangle, when the 
three others are given. But. for practice, it is necessary to 
have separately the divers relutions which exist between four 
parts of the triangle taken in every possible manner. There 
are in all four distinct combinations, which we proceed to 
give. 


12. Ist, Relation between the three sides and an angle, 

By applying equation (1) to the three angles, we have 
copa = cos b conc + sin b sine cov A ...... (1) 
cos 6 = cos a cosc + SIN a sIN¢ CON B...... (2) 
cos c = cos acosl + sina sin bcos C ...... (3) 


13. 2nd, Relation between two sides and their opposite 
angles. 

From equation (1) we havo 
cos a — cosh cose 


cos A = 
sin b sine 


Hence sin? A = 1 — cos? A = 1 — (copa — cos b cone)’ 
sin? b sin’ ¢ 
__ (1 — cos?) (1 — cos? e) — (cos a — cosh cos cyt 


sin? 6 sin? ¢ 
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sin A J/1 — cos? a — cos? — cos?c + 2 cos a cos 6 cose 
nner inal ~*" Sl oateateaataaa alll enneemeneatdnen ene bamemnenamne z n emrennesaperee 


sin @ sina sin é since 





a OA a 


We must take the radical with the positive aie seeing 
that the angles and the sides are less than 180°; their sines 
are positive. As the second member remains constant when 
we change A and a into B and J, &c., we have 


sin A sin B sin C 


mend 
od a ad 
en 


sina sin 6 sine 
Henee in any spherical triangle, the sines of the angles 


ure to euch other as the sines of their opposite sides. 


11. 8rd, Relation between the two sides and their included 
angle, aud the angle opposite one of them. 


In considering the combination a, 4, A,C; first eliminate 
cos ¢, between the equations (1) and (3) and we have 


cosa =e cosacos' ) + cosbsinasindcosC + sind sine cosa 


transposing cos a cos’ 6, and observing that cos @ — cos a cos? b 
= cosann &; and, dividing the whole by sin & sin a, it be- 
comes 


eos asin hb sinc cosA 
co arene C08 b COSC fm ems 
SLi e2 Bin @ 


sme wi 
2 > se ~--- ; and consequently we have for the relation 
sin a si A 


sought 


but 


cota sind <= cosdvosC + sin C cot A. 


By permuting the letters, we have in all the following six 
equations : 
cota sin = cos b cosC + sin € cot a........ (5) 
cot 6 sina = cosa cos C + sin C cot B......... (6) 
cota sine = cose cos B + sin B cot A......... (7) 
cote sina = cosa cos B + sin Bot C......... (8) 
cot 6 sine = cose cosA + sin A cotB......... (9) 
cote sin 6 = cosbcosA + sin A cotC......... (10) 
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15. 4th, Relation between one of the sides and the three 
angles. Eliminate band c from the equations (1) (2) (3): to 
do this we have by the Jast article 

cos a pin b sinc cos A 
; ; - =z cos b cos C + : 
sina sin a 


. sind sinB KIN sin ¢ 
Aid since ——— = and - ee 


sina sina sith a sin A 
we have 


cos asin B= cos b sin A cos ( + cos Asin €: 
and changing a and A into 6 and By and rice vers, we obtain 
cos b gin A c= cos a sin Beos © + vos Bin €, 


We have only now to eliminate cos b by the two preceding equa- 
tions. We find after reduction the relation sought between 
ABC and a, which, apphed to the three angles successively, 
will give the three equations 


cos A = — cos Boos C + sin Bosin € cus a oo... CUE) 
cos B= — cos Acos © + sin Asin Coos fo. CP) 
tos © = —~ cos Aces B+ san A sin Boos ¢ oa... (19) 


16. The analogy of these equations with the fundamental for- 
mula is striking, aud conducts us toa remarkable consequence. 
Let us imagine a spherical triangle A‘ BOC) of which the 
sides a’ bc’ are the ee of the angles A, B,C, then 
from equauion (1) we shall have 


cos a’ == cos bo eos e+ stn 4 gin hb’ cos A’. 
Now sina’ == sin A, eos a’ se — cos A, sin f senin Bac. then 
— os A = Cos Beos © + bin Bosin © con AY 


From this equation we find for ens A’ a value equal but of 
a contrary sign to that which we find for cos a in equation 
(11): thena = 180° — A’ similarly b = 1X0 — Band ¢ = 
180 —¢’, Hence, having given any spherical triangle, if 
we describe another triangle, the sides of which are the sup- 
plements of the angles of the first, then the sides of the first 
will be the supplements of the angles of the second, From 
this property the two triangles are called supplementary, and 
sometimes the triangles are said to be polar to each other. 
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NAPIER S ANALOGIES. 

17. We now proceed to deduce the formula known by the 
name of the analogics of Napier, which are employed to sim- 
plify some of the cases of spherical triangles. 

The equations (1) and (2) give 

cos a — cos b cos ¢ = sin b sine cos A: 
cos b — cos a cos ¢ = sina sin ¢ cos B. 
sina sin A 


Dy division, observing that -.—- = — , 
sin b sin B 





co,b— cosacose sin A cos B 
we have =, . 
COs Bd — cos b cos € sin Beos A 
By subtracting and adding unity to both sides of this equa- 
tion and again dividing 
es b—cosa 1 + cose sin (A — Bj 
cos b + cos a . 1 — cosc = Sin (A + B) 
But by Plane Trigonometry, page 30, 
_ A - : = tan } (a+b) tan J (a—b) 
1 +. ens ¢ l 
L——cos 0” tan’ dc 
and sin (A + B)= 2 sin } (A + Bj) cos J (A + B) 
sin (A — B)= 2 sin (A — B) cos § (A — B). 
Substituting these values, the above equation becomes 
tan 4 (a + b) tan 4} (a—b)= 
tant ee Os } (A — B) cos f(A — ae (a) 
sin 4 (A +B) cos } (A + B) 
sin a sina 
sin 6 sin B 


but 


and since - 


sina + sin MS sin A + sin B, 
sina — sind sin A — sin B’ 
By Plane Trigonometry, page 30, 
tan ¢(@ + 6) sin $(A + B) cos 4 (A — B) 
tan } (a — b) cos f(A - + B)sin 4 (A — B) 


we have 
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Multiply these two equations together, and then dividing 
one by the other and extracting the root, observing that 
tan 4 (a + b) and cos § (A + B) ought to have the same 
sign, 
cos } (A — B) 
tan } b) = tan }c. - 

Bae) be cos $(A + B) 
sin 4 (A — B) 


re aad) ea ere ‘Bi 


To apply these to the polar triangle we must replace a,b,c, 
A,B,C, by 180° — A, TRU? — B, PROS — C, PSU a, PRO? — A, 
and there results, 


| cos bia — b) 
tan J (A B)=cot' Cc. A TEN eee eta 1G 
4 , + ) a COS i (a + by) ( ) 
sin dia — bj 
tan} (A — Byscot C.F a, 17 
7 mr sin | (a + b) ne 


My able and talented friend, Mr. Reynolds of Chelsea Hos- 
pital, has sent mo the following very neat method of deducing 
Napicr’s Analogies, which he says was communicated to hit 
by Mtr. Adams, the celebrated astronomer of Cambridge 


sin A sin B sin A + sin B 
Letmu=-——- = = ‘ 
sin a sin b sind + sind 
Then by the formula (11) page 7, 
cos A -+ cos Bcos © = sin Basin C cos a@ 
= min C sin b cosa,..(1) 
cos B+ cos A cos C = sin A sin C cos hb 
= msin C sin a cos b,..(2) 
Add (1) and (2), then 
{cos A + cos B} (1 + cos C) = m sin C win (a + b). 
Also sin A + sin B =m (sin a + sin bh). 
Dividing and reducing we have 











a—Jb 
A+B c “79 
— = ~ Seeccreeseenres Anal. j 
tan ——. tan > re ( ) 
cos 


2 
B 3 
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Again, subtracting (2) from (1) 
(cos B — cos A)(1 — cos C) =m. sin (a—b) sin C 
and sin B + sin A = m (sin a + sin b); 
“. dividing 





a—b 
A—B C = 2 
eer see eater — -_ eee Fee cetoce vee Anal. Q 
tan : . tan 7 = = ay: ( ) 





The other two follow of course from the polar triangle. 


ON RIGHT-ANGLED SPHERICAL TRIANGLES, 
18. The preceding formule will apply to right-angled tri- 
angles, if we make any one of the angles = 90°. 


IfA = 00° we have 

cos a = cos b cos ¢...60 (1) 

sin d = sinasink...... (2) sme =sinasin¢.,..... (7) 
tan 6 = tanaeos¢...... (3) tanec = tanacos B...... (8) 
tan d = sinectanB...... (4) tanec =sinhtanc...... (9) 
cos Bese sin © cos b...... (5) con C = sin Beos ¢......(10) 


cos a sz col Beot C...... (6) 


These six independent formulw are all adapted to logarith. 
mie caleulation. 

The first gives a relation between the hypothenuse and the 
two sides contuning the right angle; the second, one side 
and angle opposite; the third, between the hypothenuse, a 
pide, and the adjacent angle; the fourth, between the two 
sides and the angle opposite to one of them; the fifth, be- 
tween one side and the two oblique angles ; lastly, the sixth, 
between the hypethenuse and the oblique angles. 

1). The formula (1) requires that cos a4 must have the samo 
biyn xs the product cos 4 cos c, or that the three cosines must 
be positive, or that only one must be so. Therefore in any 
right-angled spherical triangle the three sides must be less 
than 90°; or two of them must be greater than V0°, and the 
third less. The formula (4) shows that tan 4 has the same 
sign as tan B, and tan ¢ the same sign as tan C. Therefore 
each side containing the right angle 1s of the same kind or 
affection as the angle opposite, that is, the angle and the side 
are both less than 0v° or both greater. 
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NAPIER'S CIRCULAR PARTS. 


20. As we have before observed, the above formule are simple 
and well adapted for logarithmic computation, vet they are 
not easily remembered ; therefore it 1s of importance that we 
should have some method which will relieve the memory as 
much as possible; this is supphed by what is termed Napier's 
Circular Parts. By committing to memory tho two rules 
which will be given hereafter, the student will be able to 
solve all the cases im nghtangled triangles, as well as if he 
had all the formula by heart. 

The circular parts of a nght-angled spherical triangle are 
five, namely, the two sides, the complement of the hypothe. 
nuse, and the complements of the two angles (the right angle 
being always omitted), 

Three of these circular parts, besides the right angle, enter 
every proportion, two of which are given, and the third 
sought. 

There three parts are named from their positions with 
respect to one another, that is, according as they are joined 
or dixjoined, observing that the right angle docs not separate 
the sides. 

If the three circular parts join, that which is in the middle 
is called the middle part, and the other two ure called er- 
fremes conjunct. 

Tf the three circular parts do not join, two out of the five 
must, and that part which is separate or alone is the middle 
part, and the other two are called ectremes diayunct ', 

These things being understood, the following is the general 
rule. 

The sine of the middle part is equal to the product of the 
tangents of the ertremes conjunct. 


* Thus, if in figure page 12 we suppose BC’, the angle B, and the 
side A B to be the quantities that are to be used; now aa they hie all tnge- 
ther, the angle B is the middle part, and the two a:des, BC and A B, are the 
extremes conjunct. Also, if the angle B, A Band AU be the quantities, 
then since the right angle does not seyarate the sides, A B is the middle part, 
and the other two elements are the extremes conjunct. But if the quan- 
tities be AC, BC and the angle B, then the angle C is said to separate AC 
from BC, and the side A B is said to separate AC from the angle B, that 
part AC which is separated from both the others, call the middle part, and the 
parts which are disjoined from it cal! extremes disjunct. This practical me- 
thod will be usefal to seamen, and requires very little effort of memory. 
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The sine of the middle part, ts equal to the product of the 
cosines of the extremes disjunct. 

From these two equations, proportions may be formed, ob- 
serving always to take the complements of the angles and 
hypothenuse ; and that the cosine of a complement is a sine, 
and the tangent of a complement is a co-tangent, and vice 
versd, 


21. Case 1. When the hypothenuse BC Co BR 
and the base AB are given to find the = ee 
remaining parts of the tnangle. . boa 

Let us first proceed to find AC. Bi acs fe 


Hfere the hypothenuse and the two : 


sides are the three circular parts. 

Tho hypothenuse being separated or disjoined from the 
sides it is the middle part, and the sides are the extremes 
disjunct. 

Then sin BC = cos AB cos AC. 

And since wo must always take the complements of the 
hypothenuse and angles, this becomes 

cos @ = cos b cos ¢. 

Now, as this agrees with equation (1), the rule is proved 
in this cnso. 

To find the angle B. 

Hlere the three circular parts all lie together, taking B 
to be the middle part, then AB and BC are adjacent parts, 
or extremes conjunet. 

.. sin Boe tan BC. tan AB; 
taking the complements of Band BC, we have, 
cos B = cot 4 tan c¢, 
which corresponds with (8), and therefore the rule is proved 
in this case also. 

To find the angle C. 

Here the side AB is separated from the hypothenuse by 
the angle B, and it is separated from the angle C by the side 
AC, then A B being the middle part, the hypothenuse and the 
required angle are the extreme or disjvined parts. 

sin A B= cos BC cos C; 
taking the complements of BC and C, 
sin ¢ == 81n 4 sin C. 


This agrees with (7), and therefore proves the rule. 
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22. Case 2. Given the two sides b, and c, which include tho 
right angle, to find the hypothenuse and the angles. 

1. To find the hypothenuse. 

As the two sides are separated from the hypothenuse they 
will be extremes disjoined, the hypothenuse being the middlo 
part ; 

sin BC = cos AB cos AC; 
taking the complement of BC, 
cos a = cos b cose; which is the same as equation (1); 


Caos a 
“COS ¢ = ----). 
Cas b 


To find angle C. 

Since the right angle A docs not disjoin, the three parts all 
lie together, hence AC being the middle part, AB and angle 
Care the adjacent parts, or extremes conjunct. 

sin AC = tan AB. tan €; 
taking the complement of ¢, 
sin 6 = tan e cote; which agrees with (9) ; 
tanc 
or tan C = ——. 
bill 

To find the angle B. 

The three circular parts all jie together again, AB being in 
the middle; calling it the middle part, then AC and angle B 
will be extremes conjunct. 

sin AB = tan AC tan B; 
taking the complement of B, 
sin ¢ = tan b cot B, which agrees with (4); 


tan / 
or tan B = --:---. 
. sin Cc 


23. Case 3. Given the hypothenuse a and angle B to find 
b,c, C. 

1. To find AC or 6. 

As AC is separated from the hypothenuse by the angle (, 
and from the angle B hy the side AB; calling AC the middle 
part, then BC and angle B are extremes disjunct. 

sin AC = cos BC cos B; 
taking the complements of BC and C, 


sin 6 = sin a sin B, which is the same as equation (:). 
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2. To find AB or c. ; 

Here the three circular parts all lie together, and AB in the 
middle; calling it the middle part, then AB and BC will be 
udjacent parts, or extremes conjunct. 

sin B = tan AB tan BC; 
taking the complements of B and BC, 
cos B = tanc cota, 
cos B : 

. tanc= eS saa B tan a, which agrees with equ. (&). 

3. To find ¢, 

Here the circular parts he all together, the hypothenuse 
being in the middle; call it the middle part, and the angles 
B and C will be adjacent parts. 

sin BC = tan Btauc; 
taking the complements throughout, 
cosa =cot Beot C; 
. cotc = a = cosa tan B, which agrees with equ. (6). 

84. Casr 4. Given the side AC or 4 and the opposite angle 
B to find a, ¢, €. 

1. To find the hypothenuse BC or a. 

Here 4 or AC is separated from the hypothenuse by the 
angle C, and from the angle B by the side AB: calling then 
AC tho middle part, the angle B and the hypothenuse are 
the extremes disjunct. 

gin AC = cos BC cos B; 
taking the complements of BC and B, 
sin 6 = sina sm B which agrees with equation (2). 


4. To find c. 

As the right angle does not disjoin, ¢ lies in the middle 
between 4 and B; calling it the middle part, 4 and B are the 
extremes conjunct. 

sin C = tan dtan B; 


taking the complement of B. 
sinc == tan 6 cot B, which agrees with equation (4). 
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3. To find C. 

Here the angle B is separated from ¢ by the bypothenuse, 
and it is separated from & by the side AB; calling it the 
middle part, 

sin B = cost cosC; 
taking the complements of B and C, 
cos B = cosd sin, which agrees with equation (5). 
cos B 





: lis COs b 

There is here an ambiguity, since each quantity is deter: 
mined by its sine, and we see that this really ought to be the 
case. In fuct, if the triangle BAC (fig. p. 12) myght-angled at 
A, satisfy the equation; produce BA and BC ull they inter. 
sect in D, then take DA’ = BA, and DC’ = BC, the triangles 
BAC, DA’C’ will be equal in all respects, then the angle A is 
aright angle, and CA’ = CA =f. Thus the triangle BA’C’ 
is right angled, and contains also the given parts Band 4; 
we can therefore take at will a< 90) or A >40", but when 
the choice is once made the affection or species of ¢ will bo 
determined by the equation cos a = cosh cose, and that affoc- 
tion will be the same as that of C. There will be only one 
triangle which has two mght angles when 4 = B, and none 
when we have sin 4 >sin b. 


25. Case 4. Given the side 6 and the adjacent angle C, to 
find a,c, B. 

i. To find the hypothenuse a. 

Here the parts all lic together, the angle © being in the 
middle; call it the middle part, then AC and BC are the 
extremes conjunct. 

sin C = tan AC tan BC; 
taking the complements of C and BC, 
cop == tandcota; which agrees with equation (:5); 
tan 4 


‘, tfana= -—. 
cos C 


2. To find AB or c. . 
As the night angle does not disconnect, AC is the middle 
part, and AB and angle ( are the extremes conjunct. 
sin AC wm tan AB tanC ; 
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taking the complement of C, 
sind = tanecotc: 


sin / 
“ tane = —— = sin b tan C, which agrees with equ. (9). 
) 


3. ‘To find the angle B. 

Since the angle B is separated from J by the side AB, and 
from the angle C by the hypothenuse BC; calling it the 
middle part, then AC and the angle C are the extremes 
disjunct. ? 
sin B = cos AC cosC; 
taking the complements of B and C, 

cos B = cos é sin C, which agrees with equation (5). 

Here a, ¢ and B are found without any ambiguity. 

26. Cass 6. Given the two oblique angles B and C to find 
a,b, ¢. 

1. To find @ or BC. 

Here a, Band € all he together, a or BC being in tho 
middle; call it the middle part, then B and C are the 
extremes conjunct. 

sin BC = tan Btanc;: 
taking the complements of the whole, 
cosa = cot Bcot C, which agrees with equation (6). 

2. ‘To find b or AC. 

Here B is separated from C by the hypothenuse BC, and it 
ix separated from AC by the side AB; calling it the middle 
part, then the angle © and AC are tho extremes disjunct. 

gin B= cos C cos AC; 
taking the complements of B and C, 
cos B = sin C cos}, which agrees with equation (5). 

3. To find ¢ or AB. 

Here the angle C is separated from AB by the side AC, 
and from the angle B by the hypothenuse BC; calling it the 
middle part, then AB and the angle B are the extremes 
disjunct. 

sin C = cos AB cos B ; 
taking the complements of C and B, 
cos C = cos¢ sin B, which agrees with equation (10); 
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cas C 
“. COS¢ = -- 8 
sin B 

These values leave no ambignity, and if the triangle is 
impossible they will show that it is so. 

27. When a triangle is isosceles, the two equal sides are only 
counted as one element, and the angles which are opposite to 
them also as only one element. Now, if wo draw i. ary of 
a great circle through the vertex of the triangle and the 
middle of the base, we divide it into two rightangled tri- 
angles, equal in all respects, and in each of which we know 
two elements besides the right angle, then the isosceles 
triangle can be solved by the formule for right-angled 
triangles. 

28. Ifina spherical triangle ABC, in which we have a-+ b= 
180°, produce a and c till they intersect In D, we shall have 
a+teCD = 1I80°, hence CD=h: therefore, 





the solution of the triangle ABC is brought ; oe 
to that of the isosceles triangle ABC. iz (2 
The same thing may be said of a : ‘ 


triangle, in which two angles are the 1 
spherical supplements of each other, for 

we cannot have A+ B= 180 without at the same time having 
A+B 180 and vice rersd. In fact, in the isosceles triangle 
ACD, the angle CAD=D=B. Now, CAD 4+ CAB = Pst’; 
then also, in the triangle ABC we ought to have A+ B=1s0". 


18 SPHEBICAL TRIGONOMETRY. 


CHAPTER IT. 
BOLUTION OF OBLIQUE ANGLED SPUERICAL TRIANGLES. 


20. Cask 1. Given the three sides a, b, c to find the angles 
A, B,C. 


To find A, we have by equation (1) 


casa — cosh cose 
cos A = — 





a 
2 


a merce 


sin b sine 
hut we obtain an expression better adapted to logarithms by 
finding an JA, cos JA, &c., as in Plane Trigonometry. 


Since 2sin' } A = 1 — cos A, we have by substituting the 
above valié of aus A, 


COLA — COs b cos c 





OSE 


sin b sit. , 


ed 


Zsin’ dA =] 


cos b cose + sin b Rin c— cosa 


man 
ome 





eel 


sind sinc 
cos (b — ¢) — cosa 
= —- | ane: ~ 
sin b sine 
(by equation (8) page 30, Plane Trigonometry.) 
tsind(a tb—c)sind(a—b +e). 


pind sine 


sin dia +b —ejsind (a — b + a 
 sindaAs wy oy tas 


sin dé sine 


Yor the sake of abridgment, put a+ 6+ c¢ = Us, and the 
precoding expression becomes 


; fre {a — b)sints — ¢) 
sndiA =. ae Saat nia tenants 
N sind sine 








elt ee 





In the samo way 
fig y ee 
a abner Y andbsine | 


fy cea (¢ — b)sin(s—c ¢) 
.tanjA= 
sins sin (s — «) 
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30. Casg 2, Given the two sides a,b, and the angle A oppo- 
site to one of them. to tind ¢, B,C. 

We obtain at first the angle B opposite to & by tho 
proportion 


sina : sind :: sinA : sind; 
. sin A sin b 
. 6)1n B = wee tare ‘e 
sina 


It will he best to determine ¢ and C by Napicr’s Analogies, 
which give 
sin (A + 3B) 
sin 4(A — By 
sin 4 (a -+ b) 
sin bya ely. 


tange = tan} (a — }}. 


cot dC = tan} (4 — B). 


As the angle B is determined by its sine, it can either be 
acute or obtuse. However, for certain values of the piven 
quantities a, 6, A, there will be only one triangle. We may 
refer back to the similar case of plane triangles, we can thus 
find C in a direct manner by the equation 

cotA sin € + cosh cos C = cot a ain hb. 

To effeet his, Jet us at first determine an auxihary angle 3, 
by putting cot A = cosb cot ¢, from whence we have 
cota 





‘ : cos b cos 
then in the equation (%), p.t,cotA=cosbco t= 
bine 
the equation becomes 
cos b (sin C cos 9 + cosC sin 2) = cota sind sin F, 
from which we find 
tan isin? | 
oe 


ates 


sin (C + )= 





tana 

hence C + © is determined; let C +9 =m, and we have 
CcC=m— @. 

After having found C, we obtain the side ¢ by the proportion 

gsinA : sin€ :: sing : sine. 

But if we wish to find c directly, we must refer back to 

equation (1), page 5, 
cosbcosc + cos Asin & sinc = cosa. 
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This may be reduced in the same way as the equation 
above, by using an auxiliary angle 9, putting cos A sinb = 
cos b cot ¢, from whence we have 

cot? = cosA tanb; 
consequently, the above equation becomes 
cos 6 (sin 9 cos ¢ + cos ¢ sin c) = cos a sin ¢, or 
cos a gin > 
sin(c + ¢) = ar eae 

Having found 9, we can casily find c. 

31. Casz 3. Given the two sides a and 6 and the included 
anglo € to find A, BR, c. 

The formule (5) (6), page 6, give for A and B 

cot asin b — cos bcos € 
cot A = 
sin C 


cot 6 sin a — cos a cos C 
cotB = : 
sin C 


By employing auxiliary angles it is easy to reduce each nu- 
inerator to a Kingle quantity, but is is mure simple to recur 
to Napier’s Analogies. 
cos } (a — 4) 
cos } (a + 6) 
sin } (a — 4) 
sin 4 (a + 6) 
which give | (A + B) and 4 (A — B), consequently by adding 
and subtracting wo find A and B. 

The angles being found we obtain ¢ from the proportion 
sin A: sin :: sina: sine; but if we wish to have c directly 
we must take the formula, page 5, 

cos ¢ = cus @ cos b + sina sin d cos C; 
' ae ; cos & cos 
in which if we make sin 4 cos C = —--. - i 
sin @ 
== cos 6 cot ¢, then it becomes without any ambiguity 

cos b sin (a + 
cot @=ztan bcos C, .. cose= - - ; { + 9) 

gin ? 

$2, Case 4. Given the two angles A and B, and the adja- 
cent side c, to find a, 6, ¢. 


tan }(A4 B)=cot LC. 


tan 4 (A— B) scot 2C. 


We can find a and 0 by the formule (7) and (9), page 6, 
cot A sin B + cos B cose 


ner sin ¢ 
5 cos B sin A + cos A cos ¢ 
a ie gin ¢ 
and better still by Napier’s Analogies, 
cos 4 (A — B) 
b)=tanic. eet re 
tan 4 (a + 0) 3 cos } (A +B) 
sin 3 (A — B) 
1 = = = aa 2 a es ene, 
tan 4 (a — b) = tan $c in 4 a). 


These equations determine } (a@ + 6) and 3 (a — 6), and 
from which, by adding and subtracting, we find @ and H 


We can now find C by the proportion 
sin@:sine:: sin A: sin C, 
or we can find C directly by making use of the formula, equa- 
tion (13), page 7, viz., 
cos C = sin A sin B cos ¢ — cos A cos BR, 
If we put sin B cos ¢ = cos B cot ¢, it will become 
cos B sin (A — ¢) 


sin O 
This case is analogous to the third casc, and offers no am 
biguity. 


cot @ = tan Beos ¢, cos C = 


33. Case 5. Given the two angles A and B, and the side a 
i Pata to one of them, to find 4, c, C. 
his case is quite analogous to the second, and is treated 
in the same manner, aud has the same ambiguities. 
We deduce 6 from the proportion 


sin A: kin B:: sina: sin 4, 

and we find ¢ and C by the formule already employed, 
S10 VA + ee 
sin (A — By 
sin § (a + b) 
sin } (a — A) 

The side ¢ can also be obtained Ly equation (7), 

cot a sin ¢ — cos B cos ¢ = cot A sin B, 

in which we make cot a s= cos B cot ? 


tan } c=tan } (a—J). 


cot } C=tan 1 (A—B). 
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ee ota sis : tan B sin © 
he = ——, sin(¢—¢) = -—- -—--—- : 
? cos B ( ? tan A 


Lastly, we can find C, for sin a: sin :: sin A: sin C, or 
better by means of the equation, 


cos a sin B sin C — cos B cos C = cos A, 


we reduce the first member to a monomial by putting 
cosy @ gin B = cos B cot 2, from whence we have 
cos A sin ® 
cot © = cosa tan B, sin(C — 3) = : 
: cos B 
these values determine ¢, C—¢, and consequently the angle C. 


34. Casr 6. Given the three angles A,B, C, to find the sides 
a, b, ¢. 
This case is solved in a similar way to the first. 
By page 7, equation (11) 
cosa + cos B cos C 
COs a = 2 ; 
sin B sin’ 


and by the same method, as used in the first case, 


xin 4 =a WA a) 
bin B sin © 
sin (B—S). sin (C—8) 


CUS 4 é= a/ : . 
sin Bosin ¢ 


a/ “ainBsin(A—s) 
tan jaz ee ai om 
sin (B — 5) sin (C — 8) 


Ry using the polar triangle in Case 1, we have 


; a/ — cos 8. cos (8 — A) 
sn jas aia relecpenits MeN | 
sin B sin € 


cos (Ss—B cor (S—C) 


ainB sine 











cos Sao os 





— cos§ cos (Ss ae 
cos (S — B) cos (8 —C) 

The first and last of these appear under an impossible 
form, but since 8 is always greater than 0 and less than 270), 
the cos 8 is always negative, and therefore makes the quan. 
uty under the radical always positive. 


tan jac 
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OX8 THE AMBIGUOUS CASES OF SPHERICAL TRIANGLES. 


$5. The only cases in which there is any uncertainty are the 
second and fifth. We proceed to show in this article what 
conditions are necessary that there may be two solutions, of 
only one, or even when the trinngle is tmpossible, 

Let us consider upon a sphere a semicircle DCD’ perpen: 
dicular to a whole cirele DHD'; take 


CD Jess than 90°, and draw the ares of rf \ 

great circles CB, CB, CH... from pS 

the point C to the different: points of y he ies, 
the circumfereuce DEED’, Produce CD, 7, \ 
making (OD = CD, and jon CB The \ ' = y 
wiangles CDK, C DB have aright angle “op * 
contaned between the equal sides, Py 

therefore CB = CB. Now we have - 


CDE < CB + BC’, therefore CD< CB, 

Hence, in the first place, the are CDis the least that we 
can draw from the pomt © to the circumference DHD'; and 
consequenty CD as the preatest, 

Let DB = DBR. then in the two trangles CDB and CDW 
have the two sides CD, CB and the myght angle CDE of the 
one, equal to the two sides OD, DB, and the right angle 
CDB of the other, hence CM = CRB. Therefore, in the 
second place, the oblique arcs cqually distant from © D or CD’ 
are equal. 

Lastly, let DU >DB; draw C’H and produce CB tll it 
intersects C Hin I. Then, since the arc CC' is less than a 
semicircle, it will meet CB produced beyond the point C’; 
this requires that the intersection I falls between Hand ©’, 
We have therefore CB < CL + 1B, and consequently CB 
+Be< C1l+1C But we havelC< 1H + HC, and there- 
fore (1 + 1C< CH + HC; hence, a fortiori, C'B + BC 
<CH + HC. Now, C’B = BC and C'H = HC, therefore 
we have BC < HC. Consequently, in the third place, the 
oblique arcs are greater the farther they are frum CD, or the 
more they approach CD’. 

Now, suppose we have to construct a spherical tnangle, the 
given quantities being a. L, and the angle A opposite to a. 

We may at first remark that certain cases of impossibility 
are indicated even by the calculation. ‘To show this, make 


24 SPHERICAL TRIGONOMETRY. 


the angle CAB = Aand AC =/4, produce AC and AB till 
they intersect in E, then let fall the perpendicular C D upon 
AE. 


The are CD ought to be of the same affection or species as 


( 
c jor ey, b ~ 


b /f ee 4” 8 
Lee a : ss B 
A y np D 


the angle A by Art. 1%; then, when A is acute, CD is the 
shortest distance from the point © to the semi-circumference 
AE, and it is the greatest when A is ébtuse. 

In the first hypothesis the triangle will be impossible if 
we have a < CD, which gives sing < sin CD; and in the 
kecond it will be impossible if we have a > CD, which gives 
agnin sin A > sin CD, 

Now, inthe right-angled spherical triangle ACD, we have 

sin CD = sind sina; 
then, in both hypotheses we shall have sin a < sind sin A. 
On the other hand, when we seck the angle B of the unknown 
triangle ACB, we have 
sind sin A 
sin Bo - eS; 

gil a 
then this value of sin B will be > 1, which is impossible. 

If we have a = CD, there will be only one nght-angled 
triangle, ACD, which will be possible, and it is that which 
ayain indicates the value of sin B, which becomes sin B = 1. 
lt is understood that the angle A is not equal to YO", 

Let us now examine the different: relations of magnitude 
which the given quantities a, 6, A can present. 

Let A < 20? and 6 < 00° (fig. p. 23). Since A and 4 
are < 00°, A Dis also < O° by Art. 10: then AD < DE; if 
now we have besides a <4, it is clear that we can place 
between CA and CD an are CB =a, and that on the other 
ride, between C D and CE, we can put another CB’= CB = 
a: that is to say, there aro two triangles ACB and ACB’ 
which have the same quantities given, viz., a 6 A. 

When a = 4, the triangle ACB disappears, and there re- 
mains only the triangle ACB’. 

When a + 6 = 180, or when a+) > 189, the point B’ 
coincides with E, or passes beyond it, and then no triangle 
can exist. 
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We can diacuss in the same manner the other hypotheses. 


The results are all contained in the following table. 


The 


sign }> signifies equal to or greater than; and the sign ¢ 


signifies equal to or less than. 
a<b 


b< 90° ayp>é 
a+5 p> sn 


‘ a+t+be lsu 
A<0 b> 00 a +b p> 180’ 


a pb 
b= 90°} sear 
f a + b> 1s" 
be OOPS a +b TNO’ 
adh 
a>Jb 
agqé 


A>90° b> wf 
a+b 1s0’ 


ap 
a+b istry 


as yur 


b= 00" | 


two solutions. 
one solution. 
no svlution. 


two solutions. 
ove solution. 
no solution. 


two solutions. 
no solution. 


two solutions, 
one solution, 
no svlution. 


two solutions, 
one solution, 
nu solution. 
two solutions. 
no sulution. 
one solution. 
no solution, 
no solution. 
one sulution. 
no solution. 
no seluuon. 


solutions ad infinitum. 


acor>V0’ no solution, 


By the properties of the polar triangle, we can apply the 


ta to the fifth case, where A, B, a, are given, only ta 
ea, 6, A into A, B, a, the sign > into <, 


care to c 
the sign < into >. 
When the given 


- 


uantities fall in a case where we ought 


to have only one solution, the calculation will still indicate 


two. 


But to discern which ought to be taken, it is sufficient 


to observe, that the greater angle must be opposite tw the 


side, and conversely. 


Bee Lefebure De Fourcy's Trigonometry. 
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Suppose, for example, that we have given A2=119°, a2102°, 
b= 100°. In the preceding table, among the cases which 
correspond to A > 90°, we consider that where 6 > 90°, and 
among these that where a <{ 4. We may observe besides, that 
a+ b= 208°, therefore a + b> 180°, we conclude from the 
table that there is only one solution, and since J is > a, the 
angle B is greater than A, therefore B is obtuse. 


YO REDUCE AN ANGLE TO THE HORIZON, 


$6. Let BAC be an angle in an inclined plane, and AD the 
vertical passing through A. Draw the horizontal plane meet- 
ing the fae AB, AC, AD, in E, F, G@; the angle EGF is the 
horizontal projection of the angle BAC, or, in other words, it 
ix the angle BAC reduced to the horizon. It is this angle 
EFG that we have to calculate, supposing the angles BAC, 
BAD, CAD, to have been determined by an instrument. 

The geometrical construction is easy, for the line AG being 
arbitrary, we shall have sufficient quantities given to con- 
struct at first the nght-angled triangle, EAG 
and FAG, then the tnangle EAF, and, lastly, 
the triangle EGF. The calculation of the 
angle EGF is equally easy. If we describe a 
sphere from the centre A with any radius, the 
lines AB, AC, AD, where they meet the 
sphere, will determine a spherical triangle 
BCD, of which the sides are known by means 
of the given angles, and of which the angle 
BDC of the triangle is equal to the required angle EGF. 

Then by the first case of oblique-angled sphencal triangles, 
page 18, wo have 





. sin on b) sin 3—C¢), 
sin {A oe cher OS Pina ‘eae d 
sin J sin ¢ 


where am BAC; 6a BAD; cme CAD; 8 & 4 (a+b 40), 


Let am47° 48’ 80", bax GO? 40 19”, cmeB0? 17° 96". We 
shall have 2 s==107° 62’ 34”, s=-98° 60’ 17"; s—danRO* 6’ 68"; 
gees IS Se’ Al”, | 
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log win (@—4) OS TISSQ 
log sin (#—e¢) 0... HOETAIR 





comp. log sin @ wee 2 WORTONTS 
comp. log sine wee 0008262: 
2 log sind A 19-22600605 
log sin § A V-O1V8I9N 


SSA Se ITO, or Ae dB ON 50, 


87. The following properties of spherical triangles we shall 
premise before entering on the numerical solution of tri- 
angles. 

Any side of a spherical triangle is less than a semicircle, 
and any angio is less than two right angles. 

For the limit of any plane angle i two right angles, and 
Chik is also the limit of any plane face of a solid angle. 

The sum of the three angles is greater than two right 
angles and less than six right anules, 

If the three sides of a spherical tramyele be equal, the three 
angles will also be equal, and rice rersd, 

If the sum of any two sides of a spherical trinngle be equal 
to 180°, the sum of their opposite angles will also be equal to 
Psu, and rice rerad. 

If the three angles of a spherical triangle be all nente, all 
right, or all obtuse, the three sides will be aecordingly all lew 
than 90’, all equal to to, orall preater than f°, and ree 
rersd. : 

The sum of any two sides is greater than the third side, 
and their difference 15 less than the third side. 

The sumn of any two angles ia greater than the supplement 
of the third angle. 

The sum of the three sides is less than the circumference 
of a great circle. 

If any two sides of a triangle be equal to cach other, their 
opposite angles will be equal, and rice rersd. 

Since 
cos a—cos b cos ¢ 


a cinerea eee Ame are re 





cos A = ; 
sin bsme 


cos b — cos @ COR C 


"kK t cmmamal 
ee Le nm SET emt Qc 
C75 B omed ; . 


RID cd BIBI 
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COs @-— COS & COB C 





If ) =a, these expressions are each = 


gin @ sine 


.. cos As=cos Bor A= B; 


that is, the angles at the base of 
an isosceles triangle are equal, 
and the converse of this holds 
also. From this it is easily shown 
that the greater side of a sphe- 
rical triangle is opposite the 
greater angle, for let ABC be D 
greater than (A B, and make the angle ABD equal to the 
angle DAB; .. DA=DB. 


ACz=AD+DC=DC+DB, but DC+ DB>BC 
- AC>BC, 





ON THE NUMERICAL SOLUTION OF RIGHT-ANGLED SPHERICAL 
TRIANGLES, 


$8. When the hypothenuse and one side are given. 

Ev. }. Given the hypothenuse BC = 63° 50’ 7”, and the 
sido A B = 40°, to find the remaining parts of the triangle. 

To find tho other side, A C. 

Here the hypothenuse and the two sides are the three cir- 
cular parts. 

The hypothenuse being separated or disjoined from the 
sidos by the angles is therefore the middle part, and the sides 
the extremes disjunct. 

sin BC = cos AB cos AC; 
taking the complement of hypothenuse as directed by the 
rule, 

cos BC = cos A Bens AC; 


log cos BC sx log cos AB + log cos AC~10 
log cos AC = log cos BC — log cos AB+10 
== log cos 63° 56’ 7” —log cos 40° +10 
== 26428164 — 0°88425404 10 
az 9-7 585024 ; 
“, AC = 54° 59’ 59-6. 
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The side AC is acute, because the hypothenuse and tho 
given side bave the same affection. 

To find the angle B. 

This angle connects the hypothenuse and the given aide, 
and is therefore tho middle part, and the other the extremes 
conjunct. 


sin B= tan AB. tan BC; 
taking the complements uf the angle and hypothenuse, 
cos B= tan AB. cot BC; 
log cos B= log tan AB + Jog cot BE — 10 
== log tan 40° 4 log cot 63° 50° 7” 
= OUQNS81L + ASU A UN me 10 
= OLS 2509 | 
Be 6) 469"" 
The angle B is acute, as the hypothenuse and given side 
are of the sane affection. 
To find the angle ¢€. 
Here the side AB is separated from the hypothenuse by 
the angle B, and it is separated from the angle © hy the side 


AC: take it to be the oiddle part, then BC and the angle A 
are extreines disjunct. 


sin AB = cos BC. cos; 
taking the complements of hypothenuse and angle ¢, 
bin AB = sin BC sin ©; 
log sin AB = log sin BC + log sin © — 14, 
log sin C = log sin AB — log sin BC 4 10 
= log sin 40° — log sin 63° 56° 7” + LO 
= VKOSOOTS + O'0465794 by taking comp. log. 
63° 50° 7”; 
= 95546169 ; 
“Cm 45° 40" 21" 


The angle C is acute, the hypothenuse and given side being 
of the same affection. 
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When the to sides are given. 


Given the side AC = 52°19’, and the side AB =e 42° 17’, 
to find the remaining parts. 

To find the angle B. (See tig. p. 12.) 

As tho right angle does not disjoin, AB is the middle 
part, and the angle and side AC are extremes conjunct. 


sin AK extan B. tan AC; 
taking the complement of B, 
sin AB == cot B tan AC; 
lov cot B = log sin AB — log tan AC + 10 
c= MAVTBRI 10 mm DOPOD TRG 
= WT17TI057, which is the log cot 62° 27’; 
. Be 62° 277, 


Which is acute, like its opposite side. 


To find the angle €. 


Hero AC is the middle part, and the angle C and AB are 
oxtremes conjunct. 


sin AC = tanABtanc; 
taking the complement of € 
sin AC = tan ABcot C; 
Jog cot © = log sin AC — log tan AB + 10 
a= WROTRING — ONSBTIAR + 10 
= 90390561, which is the log cot of 49°. 
Tho angle is acute like its opposite side. 


To find the hypothenuse BC. 

The hypothenuse being separated from the sides by the 
angles, it is the middle part, and the sides are the extremes 
disjunct. 


sin BC = cos AB. cos AC: 
taking the complemont of the hypothenuse, 
cos BC = cos AB cos AC ; 
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log cos BC =x log cos AB + logcos AC — 10) 
== WSHOTIOL + OFSTIBVIT — 10 
=0°6565618, which is the cosine 62° 31, 
which is Jess than 90', AC and BC being alike, 


When a side and its opposite angle are quren. 


Given the side AC = 55°, and its opposite angle B= 
62° 406° 5", to find the remaining parts of the tnangle. 


To find the other angle (. 

Here Bis the middle part. being separated frum AC by 
AB, and from the angle © by BC; 

-, AC and C are the extremes disjunct. 


bin Bose cos AC cose; 
taking the complements of Band ¢, 
cus B= cos AC sin C; 
log ain C s lug cos B — log cos AC -r 1U 
= WOLF + comp. log ORAELORT 4010 
se OSO4O404 se log sin do 41 21"; 
Com 45° 407 21 
The angle € is ambiguous; as it caunot be determined by 


the data alone whether, AB, C, and BC are greater or less than 
On, 


To find the side AB, 
Here AB is the middle part, AC and B the extremes 
conjunct. 
sin AB == tan AC tan B; 


taking the complement of B, 
sin AB os tan AC cot B; 
log sin AB = log tan AC + log cot B ~ 10 
= 1D1547792 4+ 256532976 — 19 
wz 96080708, which is the sin 40"; 
. AB az 40°. 
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The side AB is also ambiguous for the game reason as 
above. 


To find the hypothenuse BC. 
The side AC is the middle part, and BC and B are tho 
extremes disjunct. 


sin AC == cog BC .cos B; 


taking the complements of hypothenuse and angle, B, 
sin AC = sin BC sin B; 
log sin AC = log sin BC + log sin B— 10 
log sin BC == logsin AC — log sin B + 10 
= 99130645 + 0°0400568 + 10 
= 9°9534219; 
BC = 63° 50 7”. 


When a side and tts adjacent angle are giren. 


Given the side AC = 44’ 46’, and its adjacent angle 47°56’, 
to find the remaining parts. 

To find the side AB. 

Here the circular parts all lie together, hence AC is the 
middle part, and AB and C the extremes conjunct. 


sin AC = tan AB tan C; 
taking the complement of C. 
sin AC = tan AB cot C; 
log AC = log tan AB + log cot C — 10 
log tan AB = log sin AC — log cot C + 10 
az 0'121207 —9°05945385 + 10 
== 9:9566672 which is the tangent of 42° 8’ 46”; 
.. AB = 42° 8’ 46” 
which is acute, like its opposite angle. 


To find the angle B. 
Here B is separated from the two given quantities; calling 
it the middle part, then AC and C are the extremes disjunct. 
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sin Bx cos AC cosC;: 


taking the complements of B and €, 
cos B = cos AC sin C; 


log cos B = log cos AC + log sin sin © — 10 
= 17611063 + DSTOGTT — 10 


== 9:6317242, which is cos O64 OS'OL": 
~Be 613 oT”, 
To find the hypothenuse BC, 


Here the circular parts all lie together, and © being in the 
middle, is the middle part, and BC and AC the extremes din- 


junet. 
nin C = tan BE tan AC; 
taking the complements of the hypothenuse and of angle ¢, 
cos C = tan AC cot BC; 
log cosC = log tun AC + doy col BC — TO; 
“. log cot BC = log cos C — log tan AC + 10 
= WRQG0TID — LOTOLO) 4S + 10 
= 96750570, which is the cotangent of 
64 ARE; 
BC = 64 4 4”. 


QUADRANTAL TRIANGLES. 


39. Quadrantal triangles can he solved by the same rules as 
right-angled triangles for using the polar triangle; we see that 
since one side is a quadrant, and that in the polar triangle 


A’ = 140 —a; 
A’ = 180? — 90? = 90. 
In the polar triangle, since A’ = 10, we bave by the eqna 
tions, page 14, 


cos a’ = cos 4 cos 8 
sin 4’ = sin a’ sin B’ sinc = sin a sin C’ 
tan & = tan a’ cos C’ tan c’ = tana’ cos B’ 


an 
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tan U’ = sin ¢ tan B tan o’ = sin 0’ tan C’ 
cos B’ = sin €’ cos U’ cos C’ == sin B’ cog 0’ 
cos w@ = cot B’ cot ¢’. 


From these by substituting these values 
@=180°~A; I’ = 180° ~B; ¢ = 180° —C; 
A’ = 180° —a; IW = 180° —L; C’ = 180° —¢; 
we get these results, 
cas A = — cos Beos € 


kin B= sin A sin 4 sin C = sin A sin 6 
tan Bc —tan A cose tan C =— tan Acos b 
tan B = tan / sine tan © = sin B tanec 
cos 6 = sine co B Cos c = sin & cos C 


cos A zz cot & cote 


Or without using the polar triangle, 
CON a — tos heosec 
cos A = ——--—- -.-———, mako a = quadrant, 
sin @ win c 
then cos a = 0, and we have 
cos bcose 


cos A = — -—-— — = ~— cotb cote; 
sin dsine 


cos b — cos a Cok cos 4, 


tos B = ; er ; 
Bin a BIN C Sint a 
cos ¢C— COS a cos b eos ¢ 
cos C = -——--——-- noses 
sinasind ~~ sin & 
SIDA sina 
From these equations, and the equation -—— = wo 


sin B win O 
can deduce al] the cascs of quadrantal triangles. 
Given AB =e = 32° 07" 
find B and A, 
008 A = — cot bd cot o 
log cos A = log cot 6 + log cat ¢ — 10 
c= 10 geR2850 + 9 O37TH106 — 10 
wz 0°8259956, which is the cosine of 47° 67’ 16”, 
but since cos A is negative, A must be greater than 90°. 


0” and AC = b = 66° 32’, to 
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OBLIQUE-ANGLED TRIANGLES, 


40. CasE 1. Given the three sides, viz. 


AB = ra Uee Whee «i 
BC aE 110° to find the rest. 
AC = 5B” 


To find the angle A. 


sin (a — 4) xin (s —¢) 


By page 18, sin 4 A= ga SF Be, ses ee 5 


sin b sine 
hence we have the following rule : 


From half the sum of the three sides subtract cach of tho 
two sides which contain the required angle. 

Add the log sines of these two remainders, and the com 
plement logs of the sines of the sides which contain the 
angle. 

Half the sum of these four logarithms will give the low 
sine of half the required angle. Thus : 

rit hee ween © ae 

}19 

ns 
Wyea7 it dd 


123 38 87 == | sum of the three sides. 














70 17 I4 
44 21 233 first remainder log sin = Q,AL1O015 
123° 33 37 
58 
63 38 37 second remainder log bin = O,9505178 
comp Jog sin 58’ OOTLSTNS 
comp log sin 70° 177 14" A0OT6I9 
219, 8632840) 
log sin = 60° 57’ 28" = 116 620 
2 





Lut 54 56 equals the required angle A. 
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By a similar eee the angles B and C may be found ; 
but when one angle is known, the other two are easily deter- 
mined by Art. 13. page 6. 


Cask 2. Given the angle A = 32° 20’ 30”, the side 
A= 72°10 20”, and the side a = 78° 59’ 10”, to find B, C 
and c. 


sin A. sind 
Here by pago 6, sin B= ————— 


log sin B = log sin A + log sin b — log sin a 
log sin A = = 9°72832690 
log sind = = 9-9786285 


197060552 
log sina = 9-0910261 


log sin B= 7150291 
*. Be 3l) 10’ 15”. 








By page 9, equation (16) 
: C = tan §(A 3) = oan es “ 
cot 4 J(A +1 oa 
log cot }C = 
log tan 3 (A + B) + log cos 4 (a + 6) — log cos $ (a — b) 
log tan 4 (A + B) = log tan 31° 47752" = = 9°7217470 
log cos 4 (a + b) = log cos 75° 34’ 45" = 03962797 


19-1180197 
log cos 4 (a — 2) = log cos 3°24 25” = 9 9902318 





log cot $C = 9°1187879 
 } © = RQ? 20’ 39"; 
or C = 165° 1’ 18”. 
We might find ¢ from the equation 
, ‘ sin C 
Sine =68Nh@d. --, 
sin A 


but we can find it directly from Napier's Analogies. 
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By page 9, equation (14), we have 

cos $(A + B) 

tan 3 ¢ = tan b) , --—=-—____- 
ie ae) cos $(A—B)’ 

at log tan i c= 

log tan } (a + 4) + logcos } (A + B) — log cos (A — B) 

log tan } (a + 4) = log tan 75°34’ 457 = 10-58AR236 
log cos } (A + B) = logcos 31° 47°52" = WURONT AD 


Prete 





20-51 9108) 
log cos } (A — B) = logecos 1° 5’ 13" = WON902TR 


log tan De = LO-5 192763 


Vex TV 10 10” 


oe me 146° 207 20”, 


Case 3. Given © = 30) 45°28"; ae RIPNN4 20%: be 
44°13’ 45”, the two sides and the included angle, to tind 
A, B,c. 

By Napier’s Analogies, page 9, equations (16) and (17), 

cos kia — h) 

=cot le. — ee 

tan 4 (A + B) = cot § om Cee 

sin j fia h) 

_ = I Seen ae a ahd 

and tan (A — B) = cot } € sata 
4 = 18° 22’ 44” log cot = 10°4785305 
4 (a —b) = 20° 0° 22” log cos = 720690 


245 1 SORG 
4 (a + b) = 64° 14’ 7” log cos = = 96351665 


~. log tan § (A + B) = 10°8133422 
. § (A + B) = 81° 15 44”. 41. 
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A — B determined. 


4C ew 18° 22’ 44” log cot = 10°4785395 
A(a— 6b) =320 0 22 logsin= 935341789 





20°0127184 
(a+ b)=64 14 7 Sogsin= 9°9545255 
10°0581920 

} (A —B) = 48° 49° 38”. 

A and B determined. c determined. 
\(A+B)=A1? 157 44°41 log cin 86° 45 28” 9-77 TO15R 
T(A—B)=44 40 3X log sindd 18 45 = 9-8435629 

oA 190° 4% 22°41 19°6205787 


= 3226 641 logsin 32 26 6 = 9°7204422 
“log sine = 98911363 
“cz 61° 6 12”. 


e may be found directly, without finding A and B, by tha 
following method :— 


.  €08 c — cosa. cosa b i 
Since cos C s= | --.-- , ——, page 3, 
sina. sin b 
“. cog ¢ mcos8a.cos bl +sina.sind.cosC; 
but cos C a ] — ver. sin C, 
“. cos c==003 4. cos b+sina. sind—sina. sin b. ver, sin C, 


m= 008 (@—0) — sin a . cin b. ver. ain C; 


5 Cc . : : ° 
-, L—cose, or 2 sin’ =Vver.sin (a—b)+s8ina.sin b. ver.sinC, 


eerie) ( ia ee). 


ver. sin (a—6) 
sina. sin 4. ver. sin C 


3 Saiewpi  tn’ pitino, 
Let tan 6 = ver sip (a— 8) , 
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which in logarithms is 2 log tan @ = 
log sin a + log sin & + log ver. sin C —log ver. sin (a—4)...[u] 


then 2 sin’ — == ver. sin (a—J) . sco 6, and 
log 2+2 log sin “= log ver. 6in (a—b)+2 log sec O=10...[4] 


c computed independently of A and B. 
Finding the auxiliary angle 6 by the form !a’. 


Se B00 eo weiar cha eusout sin == WV ONTRORS 
a | a Ce |e SIN <= URANO) 
C = 306 45 868 ........ apes , Ver. sin se 2084762 


Qe PSO sd) 





Amb) OO EG cocccsccess , VOR. sin se) ONGUSRTS 
“. 2 Jog tan § oo... ssecashmanee aus: = WNTTOMA 
and log E10 De ae ene Po en ee = WARS QTO 


Cask 4. Given ec = 50? 67 20%3 A = 120 GN" 40”; 
B= 34° 20 30", to find a, b, C. 
By equations (14) and (15), page 4. 
cosh (A — By 
cos h(a + B) 
sin dia — By) 
P(A + B) = AV 10’ 
4 (A — B) = 47? 40 80" 
dem Qi? 3’ 10" | 
logtang(a + b)= 
log tan } c + log cos } (A — B) — log cos 4 (A + B) 


tan} (a+) =tan}ec. 


tan | (4 — 4) = tan jc. 


log tan $c = log tan 25° 3’ 19” = 96697162 
log cos 3 (A — B) = logcos 477° 41° 30" == WA2TOT5 


19-4975020 
log cos (A + B) = log cos $2° 14’ ax 9'1907A12 


| 


logtan}(a +6) = 103666108 
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“. $(a + b) = 66° 44’ 10” 
log tan } (a — b) = 
log tan 4c + logsin} (A — B) — logsin} (A + B) 
log tan 4c = log tan 25° 3’ 10” = 96697162 
log sin 4 (A — B) = log sin 47° 44’ 30” = = 9°8693025 


19-5390185 


log sin 4(A + B) = log sin 82° 14’ 9-9959977 


9°6430208 


log tan } (a — b) 
A(a — b) = 19° 14’ 50” 
d(atb)+4(a—b=a 
d(a+b)—hia—b=b 
66° 447 10” 
1° 14’ 50" 


ed 


" ’ os, 
Bee oy 0 





47° 207 20” 


ae ROP OY and b&b = 47° 29’ 20”, 
To find C. 
sinA  sin€ 
sina sine 





or, sin C s= sinc. --—- 
$1 3 


log sin C = log sine + log sin A — log sina 
log sin A = log sin 129° 58° 30” 
log sin c = log sin 50° 6’ 20” 


18844129 
08849241 


19-7693370 


log sin a = log sin 85° 51’ = 9:9989319 
log sin C == 9:7704051 


. C =z 36° 6’ 60” 
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Case 5. Given the angles A = 70° 39’; B = 48° 30’; 
a = 80° 16’ 53”, to find the rest. 
. 31 in B 
By page 21, we have sin 6 = penal sta 


log sin & = log sina + logsin B — logsin A 
log sin a = Jog sin 89° 16°53” = 9 9090658 


log sin B = log sin 48° 36’ = MR7H1256 
LO R8T5OOLE 

log sin A = log sin 70° 39’ = WOTATATS 
log sin b = MROOSANY 


ob me Hh 30" 4” 


sin 6 = sin (180 — 4) = sin 127° 20° 56": but since A > B, 
a must be greater than 4, hence b cannot be 127° 20’ 56", 
To find c. 
By Napier’s Analogies 
cos }(A + B) 
= tan be oe 
ie oer cos §(A — B) 
log tan $c = 
log tan} (a +b) + logcos 4 (A + B) — logcon } (A — B) 
log tan } (a + 6) = log tan 70° 57’ 50”) = 104622011 
log cos (A + B) = log cos 59° 37’ Su" = OW TOSK56S 


201660574 


log cos 4 (A — B) = log cos 11° 1’ 30” 9°9919097 


i 


log tan 4c == 1(0:1741477 
“. gc = 56° 11 29”, 
or ¢ = 112° 22’ 55”, 
By equation (16), page 9, we have 


cos } (a + 4) 


oe Ce AE?) oo as) 
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log oot $ C log = 
log tan } (A + B) + log oos 4 (a4 + 5) — log cos 3 (a — 4) 


log tan 4 (A + B) = Jog tan 59°57’ 30” = 10-2820208 
Jog cos } (4 + 0) = log cos 70°67’ 50" = 9°5193811 


CPE ODE EES 


19°7454019 
log cos 4 (a — 4) = log cos 18° 18’ 54" = 9-9771233 


log cot $C 0'7679786 


o § C = 69° 37’ 30", 


or C =m 119° 10’, 


Cask 6. Given tho three angles, 
angle A = 120° 91’ 56” 
angle B= 50 to find the rest. 
angle C = 62 34 6 


Ry page Q2, cos } A= fy gic B) coa (8 ~ €), 


6in B ain C 
henoe the following rule. 


To find the side BC. 


From half the sum of the three angles take each of the 
angles next the required side. 


Add the log cosines of these two remainders, and the comp. 
log of the sines of each of the adjoining angles. 


Half the sum of these four logarithms wil] give the cosine 
of half the required side; thus 
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121° 54’ 56” 
50 
62.54 6 


Q)284 20 2 
EAN ALLE ATES 


117 14 31 


62 s4 6 

n4 40 2% first rem. cos 9,7621052 

O67 L4 31 second rem. cos YD OR8T532 1 
comp. log ain = 60) OV1574360 


comp. log sin 62°31’ 0” 0,0518018 





a) LU ol7I8al 


cosino 55° OD TDSOvL) 


7 


“~~ 


QqEyEE 


110° = tho required sido BC. 
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By the same method the other sides may be found; but 
one side being known (with the angles) the rest are most 


readily found by Art. 14, page 6, 
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CHAPTER III. 


4}. Tur surface of the sphere included between the arcs 
DM, DN 1s proportional to the angle N DM or the arc 
MN. Seo fig. page 1. 

If the circumference be divided into equal parts as MN, 
and great circles be drawn from D through the points M,N, 
the portions of the surface, such as N DM, are all similar and 
equal, hence if F M contains NM, n times, or if FM =n 
times NM, the surface FD M will be n times N DM. 

When PM coincides with D G, the angle F DG or its mea- 
sure F MG = 180: hence if 8 = whole surface of the sphere, 
and if A be the angle NDM which is measured by the arc 
NM, the surface NDM = = = 
ei | 4 TRA" 
circles of the sphere. Hall's Diff. Cal., page 370. 

“Sadr rac 4 wx when radius is unity, 


but 8 = area of 4 great 


8 | 
4 


The measure of the surface of a spherical 
triangle is the difference between the sum 
of its three angles and two right angles. 

Let the triangle be ABC, a, 4, c, repre- 
senting the magnitudes of the angles at 
A, B,C; let P=surface BCm B, Q=mCnm, 
Rx=ACnA; produce the arcs Cm, Cn, till 
they meet at ¢ (which will be on the he- 
misphere opposite to that represented by 
ABmn A), then each of the angles at C and . 
e equals the angle of the planes in which the arcs Cme, Cne, 
lie; therefore the angles at C and ¢ are equal. 
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Again, the semicircles A Cm, Cme; BCn, Cne aro equal ; 
or, AC+Cm=Cm+me,and..AC=me, and BC=ne; 
and the triangle m en =the triangle A BC; let z= its area, 
then, by last article, 


ee a 
| ~ 2° 180 
8 c Ss 
r+Q= 5. 5p andz+P+Q+R=, 
nat. 
r+ R= To0° 


consequently, by addition, 


8 S$ satbhte 
Ret (et+ P+ Q+Riorke+ oa, ( aon) 


ad 


§ 
ar (atb+e)—7 ath + c— 180"; 


S 
~ 4 (180) 
or rt (a + 4b + ¢ — 180°), 

Hence the area of a spherical triangle is equal to the excess 
of the sum of ita three angles above two nght angles, which 
is called the spherical exceas. 

The late Professor Woodhouse, in his able work on Tri- 
gonometry, observes that—" This expression for the value 
of the arca was merely a speculative truth, and continued 
barren for more than 150 years, till 1747, when General Roy 
employed it in correcting the spherical angles of observation 
made in the great Trigonometrical Survey.” 

In a biographical sketch of the life of Isaac Dalby, late 
Professor of Matbeinatics at the livyal Military College, 
Sandhurst, in Leybourne’s Mathematical Hepository, it is 
stated that he ee sent some years previously to his death 
an account of the principal events of his life after reaching 
matunty. The following is a quotation from himself given in 
the above-named excellent periodical :— 

“General Roy's account of this measurement is in the 
Philosophical Transactions ; but it is not altogether what it 
ought to have been. His description of the apparatus, de- 
tail of occurrences, &c., are all well enough; but he should 
not have meddled with the mathematical pert, for his know- 
ledge did not extend beyond Plane Trigonometry. 1 drew up 
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the computations in that form which I thought the most pro- 

r for publication, but he was continually making alterations. 
le did not even understand the rule [ made use of for finding 
the excess of the sum of the three angles of @ spherical triangle 
above 180° (which since that time has been quoted as General 
Loy's theorem), and would not insert it until he had consulted 
the Ion. Henry Cavendish. For conducting the business in 
the field, however, few persons could have been better qua- 
Jitied than the General. 

“TT believe he was the best topographer in Hngland, and 
knew the situation of every barrow, cairn, and hillock in 
Great Britain. He had something of an observatory in the 
upper part of his dwelling, and could regulate a clock or 
watch by means of transits. In fact, he was ready enough at 
calculations which depended merely on the use of the tables. 
But the rules which he published for measuring the heights of 
the barometer all came from Mr. Ramsden.” 

A note is given to this extract in the Repository, which is 
as follows:—" Tt is not until very recently that Mr. Dalby 
has had justice done him with regard to this ingenious rule. 
At page 158 of the new edition of Vol. ILL. of Hutton’s 
Course of Mathematics, published by Dr. Gregory in) 1827, 
we find this note :-—-* This is commonly called General Roy's 
rule, and given by him in the Philosophical Transactions for 
W700, p. VTL: it is, however, due to the late Mr. Isaae Dalby, 
who was then Goneral Koy's assistant in the Trigonometrical 
Survoy, and for several years the entire conductor of the ma- 
thematical department *” 


FURTHER DEVELOPMENTS CONCERNING THE SpHEnical 
EXCESS. 
42, Let the radius of the sphere be unity, # the semi- 
ciroumference of a great circle; a, 6, ¢, the three sides of a 


spherical triangle: A, B, C, the arcs of a great circle that 
measure the opposite angles. 


Let the spherical excess A+ B+ C —<= = 8. 


The area of the spherical triangle is equal to the arc 8 
multiplied by the radias, and is therefure represented by 8. 
Now, by Napier’s Analogies, 
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tan} (A +B) me cot gc. aay 


tan} (A + B) + tan 4c 


A ter ameter Oe a 


—twn}(A+B) tan) ¢ 





tan {} (A + B) + y= 





cos } (a — h) 
tic. tan § C 
ee cus 4 (a + yt ng 
cos 4 (a — | L 
1—cot 4c. aa dle - 2: tan) 
cus | (a ae 4)" 


cus } (a — 4) 
, + tan i ( 
com rY a + bY 


cm CON A “ta -h™ 
i 
cos ‘ij (a “ef b) 


a Ae con hia — hy) + tan de con fia th) 


cos fia + 6) — cos dia = 4) 


cot | Cc 


1 + cos € ]— — FO8 G 
Cee om oe ee mn COs a~m 4h} +> commen care nme OS + hh} 
wn © ( ih CG iia 


cos us} (a + bh — cos » | (a- la—t bj 
(by expanding the cosines and reducing) 


1 cos facos 4b + wind agin pf con 


ea ren SoC ENUREOREIER RI Ph Are Ratner ee ena 
‘ 


sin C —sin basin) 


—cotdacot hh —cnl 
a sin C 


bat tan } (A + B+ C) = tan] (8 + 150) = — cot )6; 


cot cat Ja cot 4b + cvs C 
cot! sS= — Oe ee 


48 SPHERICAL TRIGONOMETRY. 


This equation, which is very simple, enables us to find the 
area of a spherical triangle when Ake two sides and the in- 
cluded on e are given. 

To find the area of a spherical triangle in terms of the 
three sides, 


cot 4a cot 4b + cos C 


7) sS= ——— ~~ okie ee aS 
cot sin C 
cos ¢ — cos a cos bh 
cos C = : 2 eee : 
sin a sin b 
1 +cos a 1+ cos b 
and cot } = ibe , 
ain a sin & 


1 + cos a+cosb + ¢ cos ¢ 


* cos C+ cot b 
_ decot {b= sin @ gin & 


ia, ame oe 
ens e—cos(a+h) _ ‘ Q Q 


pic een Goer gin a gin 2 gin a gin b 
(Qsina+b4-c). b+ce—a 
a epi ge 


cos {a—h) —cos¢ 
1—cos C= —~, a 
Biv a sin 6 gin a sin b 


arom 





sin = 2 — es 9 ea eae _ 
g1n @ sin b 





By substituting these values we have 


1+ cos a+ cos b+ cos ¢ 


ee ND at at eer oe RL RL 


Poems er _eemtaaettatine. + rote 


2 2 








This solves the problem, but it can be put into @ simpler 
form, and oue that is adapted to logarithmic computation. 
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Resuming the formula 


cot Lacat $b + cos € 





cot }§ = ———__ -"— —, 
sin C 
I 
3 Mg conte 
sin’ 4s 
cot? facet? 4h + 2eot facot f bear + 7 
sin? C 


by multiplying both sides of the value of cos C by 2cot | a 
cut 4b, we have 


COS Cm CONT COS /, 
2 cut 1 acot i bheosC = : oar 
sin’ dasin? bb 
patting in the numerator for cose, cosa, cosh, their values 
b—2siné de, l—2sin’ ba, b—2sin? 4d, we shall havo 


sin? da + sin? J 4 — sin? pe 
2cot hacot 4 bcos = i y Seis ere) 
sin? } asin’ db 


ee | my 
P—an? ja bwin dh 


Also, cot? }a cot? )b = sin'ga nin? 4b 


1 — asin? $a —sin’ 7h os 
sin? 4a sin’? db 


Substituting all these values, we have 


1] 1 — sin’ de 


ape an eee 


sin? $8 ~ sin? da sin? 4b sin? c. 


ini sin $a sin 46 sin c 
cos dc 


Sabstituting for sin C its value, we have 
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sin 48 = 
. atbtc . atb—c . at+e—lb . b+e—a 
(sin 57 gin 2 sin SS sin —“S— ) 


oe ane ee SR SU ine HEPES te Re PN Ae OU = RE A SE, 


2 cos 4acos } bcos be 
which expression is adapted to logarithmic computation. 
If we multiply this equation hy cot 4 8 we have 


1+ cosa + cost + cose 
4cos} acos $ bcos tc 


cos? J a + cos? 4b + cos? de — 1] 
2 cos 4 acos 4 bcos dc , 
T'rom this we have, 


1— os 48 
ec —~ or te o— 
sin 4s or nes 


1 —cos?d a —cos4? b--cos® fe +208 bacos Lbcos Le 


wren, aw ros 


: athb+ye : at+hb—c ; a+tec—h b+eo—ua 
silh--— .sinom—- oo. 8 ,, sin ——---—~— 
’ zu ? 


The numerator of this expressiun can be put under the 
form (1 ~— cos? § a) (1—cos* 46) — (cos 4 a cos § b—cos bc) 
which may be decomposed into the factors 





sin agin 4 6 + cos bacos } 4 — cos } cand 
sin § asin 4 6 — cos Lacos }b + cos ' ¢, 
These reduce ultimately, the first to cos (4a—4 b)—cos ! e= 


‘ a+c—lb . b+e~—a 
2 gin ————- Sin ————. 


y 


the second to cos $c — cos (a+ i b= 





apb+ec sin atb—c. 


2 gin : 
4 
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tan ds = 


at+b+e ©. a+b—e | ut+e—-h |. b4+e—a 


4 61D een BY wane BIT ee  - 
4 4 d 





SPRY Oe arm ee en oh ae A ~ 


_ at¢bee ee a ate—h_ h+e~a) 
di I ee I ee 
¢ y “ vt y J 


. tan i s= 
wae be. pede pee he |. Pewee 
J x se Boek tan oo re iy on . tan as en ; 
4 4 A 4 


This clegant formula is due to Simon Thuilher., See 
Legendre’s Geometry, page 519 


GIRARD S THEOREM, 
45. By page 45, 


}st) 
ath+e— iso =x ~--— or, or reducing a,b, ¢ to seconds, 
ar 


: PStyeow Gore tye 
the excess in seconds == ———~-- --——-- =. 
wr 
Now, on the earth's surface, the length of Vo taking a 
mean measurement = (bUNOU]) 4 6 feet, and an are = 


360 
radius = a ? 


- 
* 


460 | : 
. (608591) x 6 x ni radius of the carth in feet; 
; a7 
} Ad 60 » 60 
Qe x 1 r 
36 x (GOS59°1)7" 
log . excess = 
log.z — {2 (log 6 + log G0859:1) — logzw x 10} 
= log @ —~ (11°1240536 — 17081790) 
ax loga — 932677357. | 
Ib 2 
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Hence the following rule :— 


From the logarithm of the area of the triangle, considered 
as a plane one, in feet, subtract the constant logarithm 
9°3267737, and the remainder is the logarithm of the excess 
above 180°, in seconds nearly. 

Observed angles. 


Ex. Hanger Hill Tower ......... (a) 42° 2’ 32” 
Hampton Poor-house ......... (4) 67 55 39 
King’s Arbour............see8 .(c) 70 1 48 

Distance from (a) to (4) = 38161-12 feet, 

from (a) to (c) = 247047, 


Taking the distance from (a) to (c) for the base of the 
triangle, tho perpendicular on the base will be 3846112 x 
gin 42° 27 32”, and therefore the area of the triangle 


hase ¥ perpendicular 


) 


= 2ATOET x L9L3BOG x sin £2? 27 32”, 
log area = log 70-7 + log 19200-56 
+ log sin 42° 2732" — 10 
= A BOQTTOL 4 AS50906 + DR2Q58661 
h-OO2GIS x= logarithm of the area in feet ; 


hence, & o026828 — 3267797 = — LTRS ; 


the corresponding natural number is 14992, the spherical 
excess in seconds. 


LEGENDRE & SOLUTION OF SPHERICAL TRIANGLES WHOSE SIDES 
ANF VERY SMALL COMPARED WITH THE RADIUS OF THE 
STHERE. 


44. When the sides a,4,¢, are very small with respect to the 
radius of tho ephere, the proposed triangle is very little dif- 
ferent from a rectilinear tnangle, and, considering it as such, 
we can have a first solution approximately, but we neglect in 
this manner the excess of the sum of the three angles above 
180°. To have a solution more approximate, we must take 
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into account this excess, and this we can do very easily by 
means of a general principle which we proceed to demon- 
strate. 

Let r be the radius of the xphere upon which the triangle 
is situated, and if we imagine a sinniar triangle upon the 
sphere whose radius is unity, the sides of this triangle will 
be * : : * and we shall have cos A = 








Tr r 
a 4 C 
COS - — COB: COB - 
r r Tr 
4 Pe . 
Sin sinh 
r 


hut since r is very great with respect to a, , ¢ we shall have 
approximately, 


a ' ae a’ 

cos a emorerd — a ueaies ‘ “+ 2 x _ e 
r aaa ee ee 
h , L i‘ 

ame ee 
c ' Cc: i c' 

COS - mm me ie 08 ~ 

eg es eer ey as 
4 i, i} 


RIN - see ee 
7 ¢ 
in =. — —— 
r r 2.dr 
Substituting these values in the above equation, 
Beta at—b—e Pe 


er adr! 4r' 


he b: c; ) 
r? 6r? Gr 
t 


+e? 
Multiply numerator and denominator by 1 + res and 





cos A = 





reducing 
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cos A =m 
P+FP~@® a+h+e—2aeh — Qaice — 2h? 
Qhe 24 ber? 


Let A’ be the angle opposite to the side a in the recti- 
linear triangle of which the sides are equal in length to the 
arcs a, b,c, we shall have 





AV eosin’ Ae 242 C8 C42 PC ~ai— bi—e'; 


he 
therefore cos A == cos A’ — rae sin 7A’ 
Ir 


let A = A‘’+ 2, we shall have rejecting the square of 2, 


cos A == cos A’— asin A’, 


i, Cc, 
from whence wo have x «= O72 sin A’, 
b Cc , 
and since 2 is of the second order with respect to — and -, it 
T T 


follows that the result is exact to quantities of the fourth 
order, we shall then have 


h a 
A = A’+ ~—— sin A’; 
T ip 


but $4¢ sin A’ =the area of the rectilinear triangle, of 
which the three sides are a, 4, c, do not differ sensibly from 
those of the proposed spherical triangle. Then, if either 
area be called a, we shall have 


Derry ge Catena ay aay en 
3, re 


Similarly, B’ = B——-,; C= C——, 
Similarly B 77 57 


henge there results, 
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A’+ B'¢ Cor 180 =A +B 4+C—-4, 
we can then consider =; as the excess of the three anglos of 


the spherical triangle above two nght angles. 


Hence we have the following rule:— 

A spherical triangle being proposed, of which tho sides aro 
very small with respect. to A radius of the earth. if from 
each of its angles one-third of the excess of the sum) of its 
three angles above two right angles be subtracted, the angles 
so dimimahed may be taken for the angles of a rectilinear 
triangle, the sides of which are equal in Jength to those of 
the proposed spherical tnangle, or in other terms .—The 
apherical faangle: whose sides are nearly rectilinear, of which 
the angles are A. B,C, and the opposite sides a, b,c. answer 
always to a rectilincar triangle whose sides are of the same 
length. a. 2, ¢. and of which the opposite angles are A — $6; 
B—jprs C— Qc being the excess of the sum of the angles 
of the spherical tnangle proposed above two right angles. 


The excess ¢, ors, which is proportional to the area of tho 


triangle, can always be calculated d priori, by the given parta 
of the spherical triangle considered as rectilinear. If tho 
two sides, 4. ¢, and the included angle A, are given, we shall 
have the area 2 = jhe sin A; if we have given the side a, and 
the two adjacent angles B,C, we shall have the area 
, sin Basin 
Pee Bees: : 
ami Be C, 
45. Given the three edges of a 
parallelopiped, and the angles be- 
tween them, to find the solidity. 
Let the edges SA =f, 8B = 4, 
SC =h. and the contained angles 
ASB=a, ASC =o. BSC = 
7. if from the point C we let fall 
co perpendicalasls on the plane 
ASB then in right-angled trangle 
C80, CO=CSsn C8 Oe 
kh sin CSO, Lesides the surface of the 
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parallelogram ASBP = f gsin a. Therefore, if we call 8 
the solidity of the parallelopiped ST, we shall have 8 = 
f.g.h. sin a@ sin C8O. We now proceed to find sin CSO. 
From the point 8 as a centre and radius unity, describe a 
spherical surface meeting the right lines SA, SB, SC, 8O, in 
the points D, E, F, G, we shall have a triangle DEF, in 
which the arc FG is perpendicular to ED, since the plane 
C8O is porpendicular to ASB. Now, in the triangle DEF, 
where the three sides, DE = a, DF = ¢, EF = y, we have 


cos G — COS @ COS 





cos E = 








, and 


fin @ SIN y 


J] — cos?a — cos? © — cos? y + 2c08 @ coB 6 cos y 
SIN « BIN y 


sin E = 


Then in the right-angled triangle EFG,sin GF orsin CSO = 
bin E sin EF = sin y sin E. 


» Safig.h. sina sin y sin E = 
S.gh. J 1 — cos? «a — cos? — cos*y + 200s @ cos € cos ¥. 


Tho expression under the radical is composed of the two 
factors, sin a sin y + cos @ — cos a cos y, and sinasiny — 
cos © + COS a COS y, the first = cos © — cos (a + x) =s 


? 


Qsnat+G+y . a+y—C 
Pa gg tate eee ge oot 
~ < 
the second == cos (a—y) — cose = 


c— ay — 
gsin “7 7 sin BS etl 





e 
' 


therefore, 8 = 


aay Tete ae ee 
afonrf sin AE? pint tE=? gin t +78 rd Sin 


2 2 2 





46. The same things being given as in the above to find 
the diagonal. 
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Let the diagonal of the base SP = z, and the required 
diagonal ST = wu, the triangle ASP, in which cos SAP = 
— cos a, we have 27 = f* + q' + 2fa cosa, in like manner 
in the triangle TSP, in which cos TPS = — cos CSP: 
ué om 7 + hh? + Qhz cos CSP. 

We must now find cos CSP, or of the are FH. 

Now, in the spherical triangle EFH, we have cos FH = 
cos EF cos EH + sin EF sin EH cos E, substituting the 


cose — COS &@ COSY . 
oan an een 1 becomes 
bin a sin y 





values FF = and cog E = 


KIN EN 


sin a 





cos FH = cos 5 cos RH + - (COS a — COS @ COS y= 


sin EHeose sin (o — EM) cos + 


bin fe 4 sill a 


sin EH cos ¢ = sin DE cos > 


OT ee a ARORA re mele tte ment 


Therefore 24 2 cos FH, or LAs cos CSP = 


z6in EH z sin DN 
Qh cose . mene fe OM Cos y. 
BIith a bith a 


but in the tnangle BSP we have 


SP sin BSP SP IPS 
Ate nee 
sin SBP ‘hin SBP_ 
zsin EH s8n DH 
which gives —-——— = fand —-—— —- = q: 
: BL 2 SLL J 


“ 2hzcos CSP = 2fh cos 6 + 2ah cosy. 


Hlence the square of the required diagonal 
wise f2+ og? + h? + Af g copa + Afh cos’ + 2h cos x. 


47. To determine a line on the surface of a sphere on which 
the vertices of all triangles of the sume base and surface are 


situated. 
p3 
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Let ABC, be a spherical triangle, (one of those on the com- 
mon base AB, == ¢); and the given surface A + B + C —a = 8. 
Let IPK be an indefinite perpendicular on the middle of AB, 
having taken IP = a quadrant, P will be the pole of the arc 
AB, and the are (D, drawn through the points P C, will be 
perpendicular to AB. Let 1D = p, CD oo q, the sight- 
angled triangles, ACD, BCD, in which AC = 4, BC a a, 
AD ac p+ 4¢ BD = p — fe, will give co a = 


COB q, cos (p —4c). cos 6 = cos q COS (p + sc ¢). But it was 
found, page 44, that 


1 + cosa + Cos 2 + case K 
sina sin win C W 





cot 4S = 


p Ke 
ee 3 
Substituting in this formula the values ‘ b “f- 


cos a + cos b we 2 cosy cos p cos de, ae ye * 
}—vos ¢ = Qos? 1 oc, sin b sin C = 4 | : D 
sine sin B= 2xin gc cos | ¢ sin B; Re! nie 
there results, 6 


cos bie + COS 7p COS ¢ 
Cee 


Kind sin §c gin B 





Again, from the right-angled triangle BCD, sin asin B= 
sin q; 


cos $c = cos >, COS 
ere ars: pion | 
sin J ¢ sing 
or, cos p cos g = cot }S sin }¢ sine 5 cos de. This is the 
relation between p and q Which wil sane the locus of 


all the points C. 


Produce IP to K, let PK =. Join KC, and let KC = y; 
in the triangle PKC where we have PC = 4x—g, the angle 
KPC = w — p, the side KC will be found by the formula 


cos KC == cos KPC gin PK sin PC + cos PK cos PC, or 
COS y == Bin g COS x — SIN ZF COS p cos g. 
Substituting this instead of cos p cos g the value 
cos 4 8sin Jesin g — cosic, there results 


cosy =sinzcos}c + sing (cosr—sin scot 18 sin 4 e). 
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In which, if we take cosa —sin «cot }Ssin {¢= 0, or 
cot 4S sin 4 ¢ = cota, there will result cos y= ain x cos | ¢, 
and thus a constant value of y is determined. 

Therefore, if after having drawn the arc IP perpendicular 
to the middle of the base AB, and beyond the pole the part 
PK such that cot PK = cot 4S sin 4c, all the vertices of the 
triangles on the same base c, and of the same surface 5, will be 
situated on the small circle described from K as a polo at the 
distance KC, such that cos KC = sin PK cos $e. This is 
Lexell's theorem. 

48. Given the three sides, BC =a, AC =), AB =r, to 
find the position of the point I, the pole of the circle cir. 
cumscribing the triangle A BC. 

Let the angle ACT = wz, and the are AL=CI = BI = 9; 
in the triangles CAT, CBI, we shall have by the equation—-- 


COs BO — COS Least : 
COS Po SE ne werk 
sin b sin @ gee ge 
rial . \ 
/ { 
| = Cos /, ‘ F 
ee CO DS ss tie 
ain é ene “ 
iy, ‘, 
. \, 
ain 4 oe. 
~ + = cot}, Diag 
1 + con 6 - 
a l— cosa con (C — x) 
con (C — a) = cot co: therefore --------~-- ; 
mind «8 COs FZ 


. 1 + cos hy i) — cosa’ 
or, cus C + sin C tana = sch ae setae 





sina sin b 
Substituting, in this equation, the values of cos ( and sin C, in 
terms of the sides a, 4, ¢, and putting for the sake of abridy- 
ment, M= (1 — cos? a — cos* 6b — cos? ¢ + % cosa cos b cos ¢), 
1 + cos b — cose — cos 
we have tan z = re nial 
the angle ACI. From the isosceles triangles ACI, ABI, 
BCI, we have ACI =} (C + A — B); and, in the same man. 
ner, BCI = 4(B + C — A); BAI=1(A + B—C), 
From which results these remarkable formule, 


] b— ess 
MmiAteena 


, which determines 








Sal 
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1 + cosa — cos b — cose 


tau 4 (B+C—A)= F 


. 1+ cose — cosa — cosh 
tan 3(A+B—C)= pose olelars austen 
M 
‘lo which we may add that which gives cot 3 8, and whick 
can be put under the form 
— 1 —cosa — cosl — cose 


tan 4(A+B+C)= 7 


From the value of the tangent of 2, already found, we have 


2 1 2(1+cosb)(1—cosec)(1—cosa) 
cos’. M- 


16 cos? 4b sin? desin® da, 
eS Debalina benenatalts Sete 


M* 


! AcosAbsindcsinda ; 
= 4cos 4b pesinga , but from the equation 
COS 0 M 





COS t= cra a cot @ = tan 4 bcot ¢, we find 
81 


tan 4 / 4dsindasin jd bsinde 
mee |. wane ee 
Cos 2 M 


2sindasinddbsindc 


re rennet 1 Rene Aras nt aN RR a eR ee HR it rae eee eee iL RRL RNR ae ewmnes 


ce , atb+e _ at+b—c . ate—h. b+e—ay\ 
A (sin 3 8 —_— ) 


cane” Wa aT 
49. The surface of a spherical polygon is measured by the 
sum of the angles, minus the ie of two nght angles, and 
the number of sides of the polygon, minus 2. 

From A draw the arcs AC and AD, the angles of the poly- 
gon; it will then be divided into as many triangles, minus 
two, as the figure has sides; but the surface of each triangle 
is measured by the sum of the angles, minus twu right 
angles ; and it is clear, that the sum of all the angles of the 
triangles is equal to the sum of all the angles of the polygon. 








SPHERICAL TRIGONOMETRY, 61 


Therefore the surface of the polygon 
is equal to the sum of the angles 
diminished by as many times two 
right angles as the figure has sides, 
minus two. 

Thus if S = sum of the angles 
of a spherical polygon, » =the num- 
ber of its sides, then the surface of 
the polygon is S— nz +2e = 
S —2in — Yor S — 2n 4+ 4, when 
the right angle is taken cqual to unity. 


i) 





POLYHEDRONS. 


50. If S be the number of solid angles of a polyhedron, 

the number of fuces, A the number of its cdyes, then 
s+ H== A + 2. 

Take a point within the polyhedron, and from which draw 
lines to all the angular points of the pulyhedron : imagine 
from this point, as a centre, we describe a spherical surface 
which meets al] these lines inas many points, then join these 
points by arcs of great circles, in such a manner as to form, 
upon the surface of the sphere, the same number of polygons 
as there are faces of the polyhedron. 

Let ABCDE be one of these polygons, and a the number 
of its sides, its surface by the lust article will be S-- 2 4 4, 
S being the sum of the angles A, B,C, D,E | Similarly ifwe 
find the value of cach of the other spherical polygons, and 
add them all together, we conclude that their sum or the 
surface of the sphere which is represented by ¥, in equal to 
the sum of all the angles of the polygons, less twice the num- 
ber of their sides, plus four times the number of faces. 

Now as all the angles that mect at the sume point, A, Is 
equal to four right angles, the sur of all the angles of the 
polygons is equal to four times the number of wolid angles, 
it is therefore equal to $8. ‘Then double the number of sides 
AB, BC, CD, &c., is equal to four times the namber of edges, 
or equal to 4A, since the same edye serves for two faces, 


- Roe 4S —4A + AH: or 
Qe KR—~—~A+Hs or 8+ HEA + 2. 
[See Legendre's Geometry, pp. 228, 229. ; 
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Cor. It follows that the sum of all the plane angles which 
form the solid angles of a regular polyhedron, is equal to 
as many times four nght angles as there are units in 8 — 2, 
S being the number of solid angles of the polyhedron. 

The plane angles = sum of all the interior angles of each 
face, which Prop. 32, of the Ist book of uclid 


=H(n—2).r 
= 2(A — H) x (since nH = 2A) 
a (S—2)2e (since A — H es S — 2). 
51. There can be only five regular polyhedrons. 
Since every face has x plane angles, the number of plane 


angles which compose all the solid angles = nH =Sm=2A, 
and by the last article 8 + H =A + 2; 


ml mS tect te 
* WHeme--S, and As ae substituting these, 
n 


mi mS 
S$ + --S = —- +2, 
nN 2 
QnS + Q2nS8 = mns + din, 
InS + IS —mnsS = in, 
8f2(n t+ m)— mn} = 4n, 
An 


I(n + m)—mn- 


Now this must be a positive whole number, and in order 
that it may be so 2(m +n) must be greater than mn; and, 


: > 4~—— : hut m cannot be 


l l ] 
therefore, — + — > 4. or — 
mm 1 n 98 


] 
less than 3, therefore, — cannot be so small as 4 — 4, or }, 


consequently, since » must be an integer and cannot be less 
than 3, it can only be 3, 4, or 5. In the same manner m 
cannot be less than 8, therefore the values of m can only be 
3, 4, or 3. 
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52. To find the inclination of two adjacent A 
faces of a polyhedron to each other. ws 
Let AB be the edge common to the two |.” \e 
adjacent faces of a polyhedron, C and E tho c | = 


ie: 
centres of the faces. Draw CQ, EQ, per. 4 \s ‘ 
pendicular to the fuces meeting each other \ | 
in O; and CD and ED, perpendicular to =) AY 
AB, the intersection of the planes ABC, "% i / 
! 
i 
} 


ABE, then the angle (DE is the required 


inclination. 

Let n be the number of sides in each Ves! 
face, m the number of plane angles in each | 
solid angle if from the centre ©, and 


radius equal to unity, describe a spherical triangle meeting 
the lines OA, OC, OD in p, gq, 7. we shall have spherical 
triangle pyr, in which we have the angle roa mght angle, 


° = 
the angle p = —, and the angle g = -- ; 
m nt 
. ‘ COBY | 
and hy right-angled triangles, cos yr = - : 


nit 
but cos gr = cos COD = sin CDO = sinh, € bring the angle 
CDE; then 
irs 
Cus -~ 


. wt 
Bin} ( = 





7 ¥ 
SiN) --- 
av 


This equation is gencral, and applies successively to the 
five polyhedrons, by substituting the values of m and nm in 
each case. 


Tetrahedron mas 3.n2383. Hexahedron m=i,n =‘. 
Octahedron m= 4,n=3. Dodecahedron m = 3, n = 5. 


Teosahedron m= 5, n = 3. 


From the triangle pgr from which we have deduced the 
inclination of the two adjacent faces, we have 


C . 
cos pg = cot pcotg; or —— == cot — cot —- 
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therefore, if we call R the radius of the sphere which cir- 
cumscribes the polyhedron, and r the radius of the sphere 


, F ae R 7 T 
inscribed in it, we shall have — = tan— tan —; 
r m n 


and, by making the side AB = a, we have CA = ta 





9 


. 
811 — 
% 





ca » a 
and, consequently, Resor + 4 . 


F vi 
sin? — 
n 


These two equations give for each polyhedron, the values 
of the radii R and r for the circumscribed and inscribed 
sphere. We have, supposing C known, 


Lad 7. 
r= }acot —tan}C and R= } tan — tan jC. 
= vii * Mr 
F R 
In the dodecahedron and icosahedron, — has the same 
r 


value for both; viz., tan * tan—-. Therefore, if R be the 
Y od 


same for both, r will also be the same; that is to say, if 
theso two solids are inscribed in the same sphere, they will 
also circumscribe the same sphere, and vice versd. 


The same property holds with regard to the hexahedron 
R . 
and octahedron, since the value of -- is the same for one as 
r 
T 
= 
53. To find the inclination of two adjacent faces in the five 
regular polyhedrons.* 


. x 
the other; viz., tan wy tan 
4 


© 
cos —— 
m 


--, taking the tetrahedron 
bin — 





From the equation sin 4 C= 


* Legendre, at page 312 of his Geometry, finds the inclination frem the 


vati Sea ee ee os uation 3 5 
eq oa —— sina and 2 eq » page . 
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where m = ° and na = 8, 


cos 60° 1 


sin iC = —— ==; 
} sin bie V3 


‘cost = 1 


In the hexahedron m = 3 and n = 4, 





cos 60 i 
sin 4 Cc = ——- -, andcosC =O; 0. C=, 
sll i Ws > 


In the octahedron m = 4 and n= 


__ cos 45 ” 


sin fees, aan —, and cosC = — |. 
i€ ~ gin 60 : ar \ 


Tn the dodecahedron m = 3, n = 5, 
cos 60 0 _1i- V5 
sn JC = ————  -- , and eos € 


sin 36 J10— 2 Yh a V5 





In the icosahedron m = 2,2 = 3, 


cos SO 1 =F ve 


sin 4 C = ~---—- =, and cos€ = —- 


si Gu - Ji so 


To find the solid content of a regular polyhedron. 


. n a 
The area of each face = ' acot-: hence the urea of the 
‘ Lf 


nn. o* . 
surface of the polyhedron= H. ; a’ cot , and the solid con- 


area of the surface x by the altitude 


tent A = fof the aren 


of the surface x by radius of inscribed sphere 


n rr se 
H.- ot- x r= —-— cot- ...... (1 
we } x 77° t a (1) 


. ¥ . 
( or since r = 4 acot ie tan 4 C 


nae 
}2 


— 





cot? ™ tan j C CCR OOH POS HEE HEF PED GOD EOEHAHE (2) 
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From either of these equations we can find the solid 
content. 


We shall here use the first. Taking the equations 


R wv wT - a’ 
- se tan—-tan- , and R?—?? — 
r moon 





4 ain? 
n 
we can find 7 and R. 
In the tetrahedron m = 3, n= 5; 
RK aes 
-~ = tan 60. tan60 = V3 x Vdd; 2 R=. 
_ 


2 ? 





‘i * G a 
KR’ — 7? = ——-— = --, but R= 4r. 
45in° B60 ob 
a ot 
(37) — fe —orkP = : 
a) ' 
a? a R 
ST Algo ~ or 
4 26 y 
R? a a 
In the hexahedron m sx 3, n = 4, 
R a pide 7 a J/ 3 
oo ORO eet 5) R= ae 
a a 
In the octahedron, m = 4,and n = 38,andr=——-; R= ee 
4/6 \’ 7 


In the dodecahedron, m = 3, n = 5, 
Wf geo Vin, es Ad — = 


In the icosahedron, m = 5, n = 3, 


a Pe ae pee oy ET 
r= VA +18 V5; R= GV 1042/5 


SPHERICAL TRIGONOMETRY. 07 


These being substituted in equation (1), page 65, wo find 
the solidity of cach of the tive polyhedrons. 


% 

* + y + Gd fee 
For the tetrahedron the solidity is a 
For the hexahedrun ............... a’. 

1 
tl ; 
For the octahedron...... Pr ee ee ey 3 \’ 2 « 


4 


For the dodecahedron ............... \ V3 


) + "10 a a 
oa aiaiiman se 


; . Fie ; on 
Fur the icosahedron ...........600- io NV the OQ 


Examples. 


1. In the oblique-angled spherical triangle ABC. Given 
the side AB 73°13’, the side BC 62 12’, the sido AC TID 8, 
required the angles. 

(A a 44°14’ 
Ba 136 40’, 
Cm 4h 45% 


Ans. 


2. The latitudes and limgitudes of three places on the 
earth's surface, suppose J ondon, Moscow, Constantinople, being 
given as below: required the latitude and Jongitude of that 
place which is auidistant from the former three ? 

The latitude of London is 51° 30’, the latitude and ton- 
gitude of Moscow 54° 45’) and 3s). and those of Constan. 
tinuple 41° 30" and 24° 10" respectively. 

%. Griven the latitude of three places, Moscow 95 30°, 
Vienna is’ 12’, Gibraltar 34° 50", all Iving directly ins the 
same arc of a great circle. ‘The difference of Jonyitude be. 
tween Vienna, (situated in the middle,; and Moscow, casterly, 
is equal to that between Vienna and (ribraltar, westerly. It 
is required to find the true bearing and distance of cach place 
from the other, and the difference of Iungitude, according to 
the convexity of the globe. 

4. Four given equal spheres being plared in close contact 
with each other, it is required tw find ihe volume of the space 
inclosed between them and the three tnangular planes through 
each three centres. 
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5. A point P being taken in the surface of a sphere, let a, 8 
denote its spherical distances from two given points; then if 
m cos a + n cos 8 =a constant quantity, m and n being any 
given numbers, the locus of P will be a circle. 

6. The base of a spherical triangle is given, and the sum of 
the cosines of the angles at the base, to trace the locus of its 
vertex. 

7. ‘The sides of a spherical triangle are produced to meet 
again in three more points, thus forming, with the original, 
four spherical triangles, which constitute Davies's ‘‘ Associated 
Triangles ;" (12th edit., Hutton’s Course, vol. ii. p. 41,) rr, 7975 
are the radii of the inscribed, and RR,R,R, the radii of the 
circumscribed circles. Prove that 

tan* R + tan? R, + tan’ R, + tan? R, = 


J 
coll r + cot? r, + cot? r, + cot? r,. 


8. A person engages to travel from London to Constanti- 
nople, and to touch the equator in his journey, required the 
aes of contact, and the length of his track, admitting it to 
« the shortest possible, and the earth a sphere. 

9. The angular a of two triangular pyramids being 
respectively situated on four converging lines in space, let the 
corresponding faces be produced to meet; then will the four 
lines of section be all situated in the same plane. 

10, Given the longitudes of two places, 6° 49’, and 54°35’, 
their respective latitudes 48° 23’ 14", and 4° 56’ 15”: find 
their distance, the longitudes being both west, and their lati- 
tudes both north. 
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